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Abstract. Let G be a connected graph with vertex set V (G) and edge set E(G). The interval 1[u; v]
between u and v to be the collection of all vertices that belong to some shortest u v path. A vertex s
strongly resolves two vertices u and v if u belongs to a shortest v s path, denoted by u 2 I[v; s] or v
belongs to a shortest u s path, denoted by v 2 I[u; s]. A vertex set S of G is a strong resolving set of G if
every two distinct vertices of G are strongly resolved by some vertex of S. The strong metric basis of G
is a strong resolving set with minimal cardinality. The strong metric dimension sdim(G) of a graph G
is defined as the cardinality of strong metric basis. In this paper we determine the strong metric

dimension of a lollipop Lm:n graph and a generalized web W B(G; m; n) graph. Lollipop graph Lpy:n is
the graph obtained by joining a complete graph Ky, (m 3) to a path graph P, (n 1) with a bridge. We
obtain the strong metric dimension of a lollipop graph Lmy:n is m 1. Generalized web graph W B(G; m;
n) is the graph obtained from the generalized pyramid graph P (G; m) by taking p copies of Py (n 2)

and merging an end vertex of a different copy of P, with each vertex of the furthermost copy of G
from the apex. We obtain the strong metric dimension of generalized web graph with G

C and without center vertex ism =m

1. Introduction

Let G be a simple connected undirected graph G = (V; E), where V is a set of vertices, and E is a
set of edges. The distance between vertices u and v, i.e. the length of a shortest u-v path is denoted by

are resolved by some vertex of B. The metric basis of G is a resolving set with minimal cardinality.
The metric dimension of G, denoted by dim(G) is the cardinality of its metric basis.

The concept of strong metric dimension was introduced by Seb“o and Tannier [6] in 2004. Kratica
et al. [2] defined for two vertices u and v in a connected graph G, if u belongs to a shortest v — s path,
denoted by u e I[v; s] or v belongs to a shortest u — s path, denoted by v € I[u; s] then a vertex s
strongly resolves two vertices u and v. A set of vertices S €V (G) is strong resolving set for G if every
two distinct vertices u,v € V (G) are strongly resolved by some vertex of S. The strong metric
dimension of G denoted by sdim(G) is the minimum cardinality over all strong resolving sets of G.

Many researchers have investigated the strong metric dimension to some graph classes. In 2004
Seb”o and Tannier [6] observed that the strong metric dimension of complete graph Ky, is n-1, cycle
graph Cp, is /!—12 7,and tree is L(T ) - 1, where L(T ) denotes the number of leaves
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of tree. In 2013 Yi [8] determined that the strong metric dimension of G is 1 if and only if G = Pp,.
Kusmayadi et al. [3] determined the strong metric dimension of some related wheel graph such as
sunflower graph, t-fold wheel graph, helm graph, and friendship graph. In this paper, we determine the

strong metric dimension of a lollipop Lm:n graph and a generalized web W B(G; m; n) graph.

2. Main Result
2.1. Strong Metric Dimension

(G). Oelermann and Peters-Fransen [5] defined the interval 1[u; v] between u and v to be the collection
of all vertices that belong to some shortest u — v path. A vertex s €S strongly resolves two vertices u
and vifu eI[v; s]orv e1]u; s]. A vertex set S of G is a strong resolving set of G if every two distinct
vertices of G are strongly resolved by some vertex of S. The strong metric basis of G is a strong
resolving set with minimal cardinality. The strong metric dimension of a graph G is defined as the
cardinality of strong metric basis denoted by sdim(G). We often make use of the following lemma and
properties about strong metric dimension given by Kratica et al. [1].

Lemma 2.1 Letu, v eV(G), u v, and
(1) dw,v) <d(u,v) for each w such that {w,u} € E(G), and
(i) du,w) <d(u,v) for each w such that {v,w} € E(G).
Then, there does not exist vertex a € V(G), a =/u,v that strongly resolves vertices u and v.

Vo V1 ery two vertices u,v € V(G)

¥ yetween two vertices in G.

iry two vertices u; v € V(G)

yraph obtained by joining a
& ®--- | Lm:n can be depicted as in

Uj U Uy

Figure 1. Lollipop graph Lm:n

Lemma 2.2 For every integer m >3 and n > 1, if S is a strong resolving set of lollipop graph Lm:n
then | S|>m — 1.
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Proof. Consider a pair of vertex (vj; up) with i € [1,m-1] satisfying condition d(vj; up) = n+l =
diam(Lm:n). According to Property 2.2, we obtain vj € S or up € S, therefore S has at least m — 1
vertices. Hence | S | >m — 1.

of lollipop graph Lm:n.

Proof. For every integer i € [1, m-1] satisfying condition d(up; vi) = n+1 = diam(Lm:pn), we obtain

(Vm,Un). Thus vy € 1[up; vil.
For a pair of vertices (uk; up) with k =1, k; | €[1,n-1], without loss of generality k < | we obtain for i

Lm:n With m >3 and n > 1. According to Lemma 2.2, | S | >m - 1 so that S is a strong metric basis of
lollipop graph Lm:n. Hence sdim(Lm:n) =m - 1.

2.3. The Strong Metric Dimension of Generalized Web Graph

Miller et al. [4] defined the generalized web graph W B(G; m; n) for m >3, n > 2 is the graph obtained
from the generalized pyramid P (G; m) by taking p copies of P (n > 2) and merging an end vertex of
a diff erent copy of Py, with each vertex of the furthermost copy of G from the apex.

In this paper we obtain the strong metric dimension of generalized web graph with G ~ C and = m

without center vertex denoted by W Bg(Cm; n). The generalized web graph W Bg(Cpy; n) can be
depicted as in Figure 2.

Figure 2. Generalized web graph W Bg(Cy; n)

Lemma 2.4 For every integer m >3 and n > 2, if S is a strong resolving set of generalized web graph
W Bo(Cm; n) then | S| >m.
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Proof. Let S be a strong resolving set of generalized web graph W Bo(C; n). Suppose that
S contains at most m - 1 vertices, n1ln 1 1 2¢€ 0 m 1

define S1 = V1 N Sand Sy = V3 N S. Without loss of generality, we may take | S1 |=p,p>0and | Sy |
=q,q>0. Clearly p + g > m, if not then there are two distinct vertices vz and vy where v V1 \ S1
and vp € V2 \ Sy such that for every s € S we obtain vy e= I[vp; s] and vy e= I[vg; s]. This contradicts
with the supposition that S is a strong resolving set. Thus | S | >m.

of generalized web graph W Bo(Cp; n).

st .

Proof. We prove that for every two distinct vertices vi; vi €V (W Bo(Cppy; n )) \ S Wl.th ki | €
[1, m] and s; t €[1, n-1], there exists a vertex s € S which strongly resolves vy and v| . There
are three possible pairs of vertices.

(i) A pair of vertices (vks; V|t) withk; I €[1, m],kEAlands;t €[1, n-1], s =t.

For everyintelger k; I”e[l, m] WiLthoutLt+1 l n i1 | < Sl | Lo
shortest vik — v path: vk ; Vk +1;: 55V V] 5 :::;Vvl ;v ,andshortestv) — vk pathivy; vy 1;
t o+l n n t t n t t n
SISV VK s iiiivk s vk . Sothatvy elfvk; v Jand vk elfvy; vk ]
(ii) A pair of vertices (vic ; v|') with k; 1 [1, m], k=1and s; t €[1, n-1], s/~ t.
For every itnteger s;t e[l, st : t+1 n 1 < ts
shortest vk — vkn path: vks; VK giiiiVk VKoo iiivk ;vkn. So that vk el[vks; vkn].
(iiii) A pair of vertices (vi; v|) with k; | €[1, m], k= 1 and's; t €[, n-1], s& t.
For every integer k; | e [L,mlands;t & [1, n-1] without !‘pss of generality 1< k< m
and 1 < s<t < n-1, we obtain the shortest v’ 7 v path:vz; Vk M ;vlIl ;vli SR 1 ;v':
tl t 1 t s..n
orvks; vks+1; Y] IR/ [ V|n ;V|n. Sothatv elfvg ;v ]

From ever)é p%)ssible pairs of vertices, there exists a vertex vi € S with | € [1, m] which strongly

resolves vk ,v| €V (W Bg(Cm; n)) \'S. Thus S is a strong resolving set of generalized web graph
W Bo(Cp; ).

Theorem 2.2 Let W Bg(Cpy; n) be the generalized web graph with m >3 and n > 2. Then sdim(W
Bo(Cm; n)) =m.

Proof. By using Lemma 2.5, we have a set S = {vln; v2n; il vmnk is anstrong resolving set of W
Bo(Cm; n) graph. According to Lemma 2.4, | S| >m sothat S={vy ;v2; :::; vp }isastrong
metric basis of W Bg(Cy; n). Hence sdim(W Bg(Cpy; n)) = m.

3. Conclusion
According to the discussion above it can be concluded that the strong metric dimension of a

lollipop graph Lm:n and a generalized web graph W Bo(Cpy; n) are as stated in Theorem 2.1 and
Theorem 2.2, respectively.
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