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Abstract: The optimization of high order harmonic generation process under
the combination of a plasmonic enhanced two color field with modulated
polarization gating and a static electric field was investigated in this study.
Through investigating the harmonic spectrum yields by numerical solution of
the one-dimensional time dependent Schrédinger equation, it is shown that the
inhomogeneity of the local fields, polarization angle, confinement of the
electron movement through the use of two color and static electric fields plays
an important role in the HHG process. It is further observed that when the
three schemes are used together a high harmonic yield, broadened harmonic
plateau and a significantly increased harmonic cutoff point up to 600" order
are obtained confirming an improved harmonic conversion efficiency.
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1. Introduction

High-order harmonic generation (HHG) is a nonlinear process that involves the
interaction of an intensely focused laser field with matter Park et al. (2021), Neufeld et
al. (2022), Gao et al. (2022) and Ganeev (2022) resulting to the emission of coherent light
at frequencies that are integer multiples (harmonics) of the original laser frequency (Gao
et al., 2022, Ganeev, 2022 and Boltaev et al., 2021). In the recent years, HHG has been
intensively researched both in theory Yue et al. (2022), Li et al. (2021), Yue & Gaarde
(2021) and Kanega et al. (2021) as well as in experiment Chevreuil et al. (2021), Igbal et
al. (2022), Davino et al. (2021) and Ren et al. (2024) because it offers an effective
technique to generate extreme ultraviolet (XUV) Boltaev et al. (2021) and Krausz &
Ivanov (2009), soft X-rays Abbing et al. (2021) and Popmintchev et al. (2012) as well as
attosecond pulses (Njoroge & Kinyua, 2024, Weissenbilder et al., 2022, Constant et al.,
2025, Li et al., 2024 and Yu et al., 2021). Production of isolated attosecond pulses from
HHG process has been gaining a lot of interest lately because of its potential application
in attosecond spectroscopy Li et al. (2024), Yu et al. (2021) and Yu et al. (2023) as well
as in the study of ultrafast processes within atoms Gao et al. (2022) and Ganeev (2022)
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and molecules (Wang et al., 2024, Xiaohong et al., 2023 and Ciappina et al., 2017).
Despite the promising applications of the attosecond pulses, low harmonic conversion
efficiency in HHG process has continued to be a major drawback.

Several techniques for controlling harmonic conversion efficiency in HHG process
such as using plasmonic enhanced laser field Zhang et al. (2012), Burnett & Rae (1993),
Kim et al. (2008) and Feng et al. (2013), polarization gating Njoroge et al. (2019) and
Koushki ef al. (2018) and static electric field Zhang et al. (2012), Koushki & Sarikhani,
(2020) and Silaev et al. (2022) have been proposed. When using the plasmonic enhanced
field scheme, the mobility of electrons can be controlled by employing two or more laser
pulses of different wavelengths that can be combined to form a complicated electric field
(Ren et al., 2017). This approach eliminates the need to use extra cavities to amplify the
input pulse power Njoroge & Kinyua (2024) and Salmeh & Mohebbi (2023) while at the
same time enhancing the local fields by more than 20 dB Yuan et al. (2017) thus making
it possible to achieve HHG below the harmonic threshold intensity (10'*W/cm?). This
scheme has been described to relatively easy and affordable Feng et al. (2013) and
Vincenti et al. (2014) leading to its application in different fields, such as the investigation
of ultrafast chemical reactions Gao et al. (2022), Ganeev (2022) and Bionta et al. (2021)
and the production of high-order harmonics (Vincenti et al., 2014).

The addition of a static electric field has also been used as a technique in controlling
harmonic conversion efficiency in HHG process. Studies have shown that the application
of a static electric field along the laser polarization axis suppresses the transverse
spreading of the electron wave packet (Zhang et al., 2012, Koushki & Sarikhani, 2020,
Silaev et al., 2022 and Wang et al., 1999). One of the studies on HHG study from a helium
ion model in a two-color laser field generated by a fundamental pulse and its second
harmonic pulse produced a super-continuum spectrum in the two-color field whose
spectral intensity was relatively low (Zhang et al., 2012). However, on adding a static
electric field to the synthesized two-color field, there was a dramatic boost on the
ionization yield of electrons contributing to harmonic emission, as well as the quantum
pathways of the HHG and as a result, the extension and enhancement of the
supercontinuum were achieved, producing a harmonic spectrum with a band width of
about 170.5eV (Zhang et al., 2012). This study sought to theoretically investigate the
control of HHG conversion efficiency by simultaneously employing three schemes; a
plasmonic enhanced two-color field (synthesized by an 800nm fundamental pulse and a
1600nm control pulse), modulated polarization gating and a static electric field. Based on
the results obtained by solving the one-dimensional time dependent Schrédinger equation
(1D-TDSE), the study shows that HHG conversion efficiency is improved to a harmonic
cutoff point of 600" harmonic order. The study further discusses the influence of the
inhomogeneity parameters, relative angle of the two pulses and the static electric filed on
the HHG conversion efficiency.

2. Theoretical model

The study was conducted through a simulation process. In the simulation, the harmonic
spectra were generated by solving 1D-TDSE, expressed as follows;

[ 2259 = H(x, 0w (x, 1) (1)
= [~ 25 4 V@) + Vi, 0] P 0) @)
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Where Va(x)z — is a soft-core potential and V, (X,t):—EX(X,t)X is the

1
VX +a
potential due to electron interaction. The soft core parameter a was chosen to be 0.1195
to match the ground ionization potential of neon atom which is 0.7925 a.u (21.6 eV). The
x component of the inhomogeneous field was given by:

E.(x,t) = E, ()(1 + &, (x)) 3)

Here the parameter €« defined the strength inhomogeneity of the laser field along the
x direction (Pérez-Herndndez et al., 2013)..

An 800-nm fundamental pulse and a 1600-nm control pulse with crossed linear
polarizations were optimized and adopted to synthesize the two-color field. The
intensities of these two laser pulses were optimized at 4.0 x 10'* Wem™ and 3.6 x
10"Wem respectively. The electric field of the x component of the two-color field was
given as:

E(t) = (BE, + E,[f1(£) cos(w,t + ¢(8)) + f2(t) cos(2w,t + ¢ (1) )] ex (4)

Here B = the ratio of the static and the laser field, £, = the amplitude of laser field, f;
(t) and f> (t) represent the pulse envelopes.

The study used the split-operator method Feit et al. (1982) to solve equation 1. To
avoid incorrect reflections from the boundaries, the electron wave-function is multiplied
by a mask function at each time step (Krause et al., 1992). The neon atom is in the initial
(ground) state before the laser is turned on. The ground state is obtained by imaginary
time propagation with the soft-core potential. Once the electron wave function vy (X, t) is
obtained, the time-dependent dipole acceleration along x direction is calculated by the
Ehrenfest theorem (Burnett & Rae, 1993)

a,(t) = —(p&x, O|[H(x, ), [H(x, t), x]]|(x, 1)) (5)

The HHG spectrum is obtained by Fourier transforming time-dependent dipole
acceleration given as;
2

‘qu(a’)‘z =

17 -
—[a,(tle ™ dt
T 0

(6)

Time-frequency analysis by means of wavelet transform (WT) is used to analyze the
numerically generated HHG spectrum (Koushki ef al., 2018). The equation is given as;

A(t,w) = [d(O) VoW [w(t' — t)]dt’ (7)

Where d, is the time dependent dipole acceleration and W{w(t' — t)] is the mother
wavelet. A natural choice of the mother wavelet is given by the mother Morlet wavelet;

oWlw(t' —t)] = %exp (iw(t' —t) exp <M) 8)

202
m20

o 1s the Gaussian width which will be set to be =27
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3. Results and Discussion
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Figure 1. (a) Representation of electric field enhancement and harmonic emission using
a nanostructure of bow-tie elements (b) the similar representation as that in Figure 1(a)
but for two color field. Source: (Feng et al., 2013)

Plasmonic field enhancement is a technique used to generate high order harmonics by
utilizing the local field improvement brought about by resonant plasmons in a metallic
nanostructure made of bow-tie-shaped gold elements on a sapphire substrate Kim et al.
(2008), whereby for a linear polarization, low intensity input laser pulse couples to the
plasmon mode as shown in Figure 1(a). This results to a collective oscillation of the free
charges around the vicinity of the metal nanostructure leading to the distribution of the
negative charges around one apex and the positive charges around the other one.
Consequently, by introducing neon gas into this improved field, an enhanced or extended
HHG is realized (Feng et al., 2013). In the situation where the input pulse is chosen to be
the two-color pulse with a good polarization phase as shown in Figure 1 (b) and also
adopted in this study, the harmonic yield will be increased as well as harmonic modulation
being reduced, leading to increased harmonic conversion efficiency.

The results in Figure 2(a) show the component of the generated harmonic spectrum in
the homogeneous two-color field for different control laser field wavelengths while
Figure 2 (b)-(d) shows the results of the corresponding time frequency distributions for
the generated harmonic spectrum in Figure 1(a). Here, the fundamental field wavelength
and its field intensity are chosen to be 800nm and 4.0x10'*Wcm™ respectively while the
inhomogeneity parameter, the relative phase angle and the static electric field are all set
to zero.

As shown in Figure 2(a), when the control field’s wavelength value is increased from
1400nm to 1800nm, not only do double harmonic plateaus form but also the harmonic
cutoff point is extended to 240" order. However the harmonic yield decreases
progressively (from -2.8 to -3.5 arb. units) but with the most broadened harmonic
spectrum upto 180 orders. The 1400nm field has its harmonic yield being the highest (-
2.8 arb. units) compared to the 1600nm and 1800nm fields, however, the band width for
the 1400nm is the shortest with 85 orders.

The 1800nm field has the largest band width (180 orders) but with the lowest harmonic
yield (-3.5 arb. units) characterized with a lot of interference. The 1600nm field on the
other hand has a relatively higher harmonic yield (-3.0 arb. units) with a wider band
width spectrum up to 125 orders and few interferences. This is confirmed by comparing
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the harmonic peaks; P1in Figure 2 (b), P2 in Figure 2(c) and Ps in Figure 2(d) that
represent the harmonic cutoff from where it is observed it is observed that the 1600nm
pulse in figure 2(c) produces a high yield harmonic spectrum with few modulation
structures (peak P2), hence chosen as the optimal wavelength for this study.
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Figure 2. (a) the components of the generated harmonic spectrum in the homogeneous
two-color field for different control pulse wavelength and (b)-(d) the corresponding
time frequency distributions for the generated harmonic spectrum.

The results in Figure 3(a) show the component of the generated harmonic spectrum in
the homogeneous two-color field for different polarization angles (0) while Figures 3 (b),
(c) and (d) show the corresponding time frequency distributions for the generated
harmonic spectrum in Figure 3(a). Here, the other parameters are the same as the ones
used in Figure 2. From figure 3(a), it can be clearly seen that as the polarization angle is
increased, there is a significant broadening of the first and the second harmonic plateaus.
At 0=0.17 the harmonic yield is high (-2.7 arb. units) with reduced modulation structures
in the second plateau and an extended harmonic cutoff point (220" order) is realized. The
0.3m polarization angle also gives a high harmonic yield (-3.0 arb units) but with increased
modulation structures in the second plateau.
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Figure 3. (a) The component of the generated harmonic spectrum in the homogeneous
two-color field for different polarization angles and (b)-(d) the corresponding time

frequency distributions for the generated harmonic spectrum.

The 0.57 polarization angle yields the lowest harmonic results (-3.6 arb. units) but with
a broader but highly modulated harmonic spectrum. This is confirmed by comparing the
time frequency distributions for the generated harmonic spectrum shown in form
harmonic peaks; P4, in Figure 3(b), Ps in Figure 3(c) and P¢ in Figure 3(d). Figure 3(b)
with peak P4 shows that the harmonics above 200" order are continuous and can support
a favorite attosecond pulse.

The results in Figure 4(a) show the components of the generated harmonic spectrum
in the homogeneous two-color field for different intensities of the control pulse, while the
corresponding time frequency distributions for the generated harmonic spectrum are
shown in Figure 4(b) for 1.8 x 10'* Wem™, (c), 3.6 x 10'* Wem™ and (d) 7.2 x 10 Wem'
2. Here, the inhomogeneity parameter and the static electric field are all set to zero while
all other parameters are the same as the ones used in Figure 3.
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Figure 4. (a) the component of the generated harmonic spectrum in the homogeneous
two-color field for different control pulse intensities and (b)-(d) the corresponding time
frequency distributions for the generated harmonic spectrum.

As it can be seen from Figure 4(a), when the control field’s intensity is varied from 1.8
x 10 Wem™? to 7.2 x 10"*Wem, the second harmonic plateaus for each value broadens
significantly as well as an extension of the harmonic cutoff point is realized compared to
the results obtained in Figure 3. A two-color field with a properly adjusted wavelength
and intensity yields better harmonic results compared to a single-color field since in the
two-color field, there is an increase in the photon flux which influences the electron
mobility within the continuum leading to an increased harmonic conversion efficiency.
The harmonic peak Pgin Figure 4 (c) shows characteristics of the possibility of forming
a double peak when other parameters such as static electric field are adjusted.

The results in Figure 5 (a) shows the component of the generated harmonic spectrum
in the two-color field when varying the inhomogeneity parameter while Figures 5 (b), (¢)
and (d) show the corresponding time frequency distributions for the generated harmonic
spectrum. Here, only the static electric field is set to zero while the other parameters are
the same as those used in Figure 4 with optimized control pulse intensity chosen to be 3.6
x10'*Wem™. As the values of the inhomogeneity parameters are increased from 0.001 to
0.002, the number of harmonic plateaus is noted to increase from two (for 0.001) to three
(for 0.0015 and 0.002).
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Figure 5. (a) The component of the generated harmonic spectrum in the inhomogeneous
two-color field for different inhomogeneity parameters and (b)-(d) the corresponding
time frequency distributions for the generated harmonic spectrum

The results in Figure 5 (b) corresponding to the 0.001 inhomogeneity parameter
produced only one harmonic peak, Pio while the results in Figures 5 (c) and (d)
corresponding to the inhomogeneity parameter of 0.0015 and 0.002 respectively,
exhibited double harmonic peaks with their initial peaks (P11 and P13) being significant in
HHG process than their second peaks (P12 and P14). The peaks are dissolved between 400-
600 orders, representing two quantum paths (long and short electron trajectory paths).
This lowers the harmonic conversion efficiency. The inhomogeneity parameter 0.001 is
therefore chosen as the optimal value for the next experiment because of the broadened
first plateau with few modulation structures.

The results in Figure 6(a) shows the component of the generated harmonic spectrum
when using two-color fields for different static electric field values while Figures (b)-(d)
show the corresponding time frequency distributions for the harmonic spectrum. Here, all
other parameters are maintained as those used in Figure 5.
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Figure 6. (a) The component of the generated harmonic spectrum in the inhomogeneous
two-color field with static electric field and (b-d) the corresponding time frequency
distributions for the generated harmonic spectrum.

The results in Figure 6 show a significant increase of the harmonic yield and
broadening of the harmonic plateau as well as an extension of the harmonic cutoff point
as the static electric field is increased. Static electric field of value 0.2 as shown in Figure
6(a) gives the highest harmonic yield with the most extended harmonic cutoff point but
with a lot of modulation. Increasing static electric field causes more ionization which
leads to increased quantum paths and return time, thus decreasing harmonic conversion
efficiency. Figure 6(b) with harmonic peaks P15 and P16, Figure 6(c) with harmonic peaks
P17 and Pig and Figure 6(d) with harmonic peaks P19 and P29 show the respective cutoff
points. Double peaks are formed in each case with the first peaks contributing
significantly to HHG process. Peak P15 from the static electric value f=0.1 is chosen as
the optimal value due to low interference.

The results in Figure 7 (a) show a comparison of various results when using
homogeneous two-color field without static electric field and inhomogeneity parameter.
Here, it is shown that before introducing the polarization angle and the intensity of the
control field, the harmonic cutoff is at 220" order. When the polarization angle is
introduced and set at 0.17, the harmonic cutoff point is maintained at the 220" order but
the harmonic yield increases as well as the smoothening of the plateau is observed.
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Figure 7 (a) comparison of the component of the generated harmonic spectrum for a
two-color field without inhomogeneity parameters and static electric field (b)
component of the generated harmonic spectrum with inhomogeneity parameters and
static electric field

Further, when the intensity of the control filed is adjusted as shown using green line in
Figure 7(a), a broader harmonic plateau and a higher harmonic yield are both achieved,
showing an extension in the harmonic cutoff point to 360" order. Figure 7 (b) shows the
generated harmonic spectrum comparing different results when using two color
inhomogeneous field in the absence and presence of the static electric field. All other
values used are same as those in Figure 7(a). It can be shown that with the introduction
of the inhomogeneity parameters, the harmonic cutoff is remarkably enhanced as well as
a reduction in harmonic modulation. Further, the addition of static electric field leads to
a higher harmonic yield and the production of two harmonic plateaus, although it is the
first plateau that contributes to high conversion efficiency due to its high harmonic yield.

The results in Figure 8 show a graph of various static electric field values versus
harmonic order. Here, the first and second harmonic plateaus and their respective
harmonic cutoff points have been shown. From the graph, it can be clearly seen that as
the static electric field is gradually increased, harmonic order also increases. The presence
of static electric field influences the possibility of the returning electron to its parent ion
leading to a recombination and subsequent emission of high order harmonics.
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Figure 8. Graph of harmonic order against static electric field

4. Conclusion

Various factors that influence harmonic conversion efficiency have been studied. High
harmonic conversion efficiency is achieved when the harmonic plateau is broadened and
the cutoff point is extended. The results have shown that optimal harmonic conversion
efficiency can be achieved with a combination of the following; a wavelength of 800nm
for the fundamental pulse with an intensity of 4.0x10'*W/cm?, 1600nm control pulse with
an intensity of 3.6x10'*W/cm?, polarization angle of 0.1x, inhomogeneity parameters of
value 0.0010 and a static electric field value of 0.1. When these parameters are used
simultaneously, we are able to obtain an extended harmonic cutoff to the 600" order with
few modulation structures, which is likely to lead to a favorite attosecond pulse.
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