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Abstract: We developed multiple equations to observe the two and three
flavors of neutrino oscillation withthe mixing angle based on L/E=0.1 to 0.9
in this study. In different settings, the nature of the neutrino oscillation
probability was discovered to be varied in different equations. The observation
indicates increasing likelihood in one equation and decreasing probability in
the other equations in two flavor oscillation neutrinos. To characterize the
probability of neutrino oscillation, we use four distinct angles: 5°, 10°, 15°,
and 20°. The probability of neutrino oscillation was determined to be highest
at an angle of 15° degrees. However, with increasing mixing angles, the
likelihood of oscillation increases on the basis of created equation (25) and
decreases on the basis of equations (26) and (27) in the three-flavor neutrino
oscillation. From generated equations (25) and (26) the maximum neutrino
oscillation of probability is discovered at an angle of 15° however, from
equation (27), the maximum probability is observed at 5°. The greatest neutrino
oscillation is foundto be 0.9999 and the minimum is zero in all of these two
and three flavors of oscillation.
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1. Introduction

Neutrino physics is one of the most fascinating and hotly debated issues in today's
high-energy physics. The question of whether neutrinos can oscillate or not prompted a
slew of tests to see if these oscillations might be observed. The number of electron
neutrinos detected from the sun is 2-3 times lower than the number expected by the
mainstream solar model (SSM). Because neutrinoshave no mass and hence cannot
oscillate in the standard model of particle physics, their measurement reveals the
existence of novel physics beyond the SM. The neutrino masses and theentries in the
neutrino mixing matrix are two of the unknown parameters. Giunti, Kim, and Lee first
estimated the oscillation probability for neutrinos in a wave packet model, then
demonstrated that the state vectors utilized for quantum mechanical description and
developed a theoretical framework in quantum field in 1993. Finally, in 1995, Blasone
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and Vitiello demonstrated that the quantum field theory (QFT) description of mixed
particles causes unexpected complications in theinterpretation of neutrinos as particles.
All of the different ways are still being debated today, butunder the premise of relativistic
neutrinos with minuscule mass squared variations, all of them getthe same outcome. For
the two flavour case the possibilities of oscillation is given by

Pa > ;L) = 1 - sin?(20)sin? (1.2742L) (1)
Pla > B;L) = 1 - sin?(20)sin? (1.27°2L) @)

Where Am? is the difference in squared masses as Am? = m? — mjz and the factor of

1.27 is due to the conversion between units. The neutrinos' energy is E, and the distance
between source and detector is L. NO experiments can only measure relative masses,
not absolute masses. The oscillation length is defined asL?S¢ = 2.47 %, which
is the distance between complete oscillations. The length of the oscillation imposes a
significant constraint on the measurement conditions. Because there are no oscillations
for if L ~ Losc and the oscillations for L <« Losc are averaged out due to natural
uncertainties for the neutrino energy, the oscillations can only be detected if L >> Losc.

2
As a result, the NO condition is%~1 (Kruppke,2007) . In quantum physics, state

vectors are used to characterize flavor neutrinos and are commonly used to define mixing
in termsof state vectors.

|ve) = Xi Ugi Vi) 3
Equivalently, the same can be done for the anti-particle state vectors, which is defined as
|Ua) = X Ug; |72) (4)

The formulations of state vectors in (3) and (4) are the most frequent, and they are used
in most quantum mechanics studies dealing with neutrino oscillations. When comparing
(3) and (4), it is clear that the difference in neutron and anti-neutrino therapy is just a
complex conjugation of the PMNS-matrix. The degrees of freedom for space-time, as
well as the energy-momentum relationship and the degree of freedom that distinguishes
the neutrino species, must be factorized. Furthermore, quantum mechanics converts the
general wave function of a spin-1/2 particle into a spin-independent wave function and a
spin vector.

wxa) = (5100) =160 (§) + @ (§) )

This leads to a factorization of the Hilbert space into two parts
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H= L*QC? (6)

Because the space-time and energy-momentum degrees of freedom for a flavor neutrino
are a priori unknown, this type of factorization is only viable for mass neutrinos. The
entire Hilbert space for neutrinos can be expressed as a direct product of the Ha = L2
space for dynamical degrees of freedom and the Hm = CNm; space for mass degrees of
freedom;

H = }[d®‘7-[d = L2® CNm (7)

The state vectors |v:) described in above equation (3) can be used as a basis for Hm, the
elementsof H a4 will be denoted by |1:), where the index i indicates the mass dependence
of the dynamics.

Neutrinos have no mass in the most basic version of the SM. In fact, because neutrino
masses areso much less than the masses of the other fermions, this has been a pretty good
representation of Nature for a very long time. Adding neutrino masses via connecting
neutrinos to the Higgs field, which would give birth to neutrino masses in the same way
as other fermion masses, appears to bethe most tempting method at first appearance. Some
fermions are referred to as Majorana fermionssince they lack their own anti-particle, which
is referred to as a Dirac fermion. There have been noobservations to yet that have been
able to determine whether neutrinos are Dirac or Majorana fermions, which is one of the
most intriguing potentials for future neutrino studies. Basic concepts of neutrino
oscillations are if neutrinos are massive, then they will oscillate which means their
reaction occur with charged lepton of a given generation. The probability for the
oscillation of a neutrino of a given generation into a neutrino of another given generation
can be calculated to be dependent on the difference between the squares of the neutrino
masses. Thus, if neutrinos are massless, or if they all have the same mass, then they will
not oscillate. It follows that if neutrino oscillations are observed, then neutrinos must be
massive with at least two different masses. In addition to this, there must also be mixing
in the lepton sector as the amount of mixing will determine the oscillation amplitudes.

The fundamental principle of neutrino oscillations is that if neutrinos are heavy, they
will oscillate,which indicates that their reaction will take place with a charged lepton of a
certain generation. The difference in the squares of the neutrino masses can be used to
compute the chance of a neutrino of one generation oscillating into a neutrino of another
generation. As a result, if neutrinoshave no mass or have the same mass, they will not
oscillate. If neutrino oscillations are detected, then implies that neutrinos must be hefty,
having at least two distinct masses. Furthermore, mixingin the lepton sector is required,
as the quantity of mixing determines the oscillation amplitudes.
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2. Material and Methods

2.1. Neutrino oscillations in vacuum

Let us consider how flavors mixing affects the propagation of neutrinos in vacuum and
initial stateto be the flavors eigenstate is given as,

[V (0)) = Ug;lvi) )

The flavor eigenstates are denoted by e, |, r and mass eigenstates 1, 2, 3. Then after
travelling certain distance the state of neutrino is given as,

lv()) = Ugje " Eit=Pi®) |y;) (©)

Here, Ej and pj are the energy and momentum associated with the mass eigenstate j. They
can be derived from the dynamics of the elementary process in which the neutrino is
produced. For example, in the case of pion decay atrest, 7" — u’" +vyorn — pu +vi , the

center of mass systemcan be obtained as,

my, =E +E, = /mjz+p§+ mZ + p? (10)

Pu="Dj (11)

Substituting Eq. (10) into Eq. (11) and taking the square and solving to obtain,

m,%=mj2+pf+mﬁ+pﬁ+2\[m}+p}2\[mﬁ+p§ (12)

On solving and arranging we get,

m2 m2\?  m? mz\%  m?

= (-5) -T-30) o (13)
2 22 ;2 2.2 m4

B =(1-5) -5 (-5) +om (14)

By denoting the energy that would be obtained for massless neutrinos by E =
2
ma (1 - %) and keeping only terms up to second order in m;, the momentum and energy

1s obtained as,

2 2

2 _ mi(L_mu
pj=E-— 2E (2 m,zt) (15)

2 2

2 _ mi(l_™Mu
Pi=E—-7¢ (2 m,ZT) (16)
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Now, the neutrino oscillation probability is obtained (Kopp,2006) as,

2.2. Two-flavor oscillations in vacuum

Now to study the oscillation of two flavor neutrino we consider ve and vy initially
which is successful in describing many neutrinos oscillation experiments. In two flavors,
there are no Diracphases, implying that the lepton mixing matrix is real, and the only
parameters are the mixing angle (8) and the mass squared difference(Am? = m3 — m?).
Now the lepton mixing matrix for 2D rotation is given as,

U = ( cos () sin (9)) (18)

—sin (6) cos (0)

On substituting the value of U in general equation of neutrino oscillation probabilities in
equation (17) and solving we get, the two-flavor neutrino oscillation probabilities as,

P,, = 1 — sin?(26)sin? (A) (19)

2

P,,, = sin?(20)sin? (g) (20)

a1 - . Am?L, . A L " .
Here, oscillation phase is A= rzn—E and can be written as 5= LZT. In addition, unitarily
condition basically states that no neutrinos are lost during the neutrino evolution.

2.3. Neutrino oscillation in vacuum for 3 flavor

Three-flavor oscillations the lepton mixing matrix using the standard parametrization
with three mixing angles and one CP-violating phase. In addition, there will be two
independent mass squared differences, Am%l and , Am%l. Umno 1s a 3 X 3 matrix
analogous to the CKM matrix for the quarks but due to the Majorana nature of the
neutrinos it depends on six independent parameters as,

Umno = UxsU3U12Py (21)

1 0 0 C13 0 sq3e”%0cp
Where, Uy,3 = <0 C23 523>,U13 = 0 1 0 yUyz =
0 —s23 €23 —s,3e7%cPQ 0 C13
iz Sz O
(‘512 C12 0)1
0 0 1

elc® 0 0
Py = ( 0 eWcr 0>,c = cos(0) and s = sin(8), Now
0 0 1
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0 0 C13 0 sq3e”0cP €1z S12 O
Umuno = (0 C23 Szg) ' 0 1 0 . (—512 C12 O) :
0 —s23 €23 —s13e"%cPQ 0 C13 0 0 1
e 0 0
( 0 el 0) (22)
0 0 1

Where cij = cos0;j and sij = sinf . The angles 6;; can be taken without loss of generality
to liein the first quadrant, 8;; € [0, /2] and the phasesécp,1i € [0, 2m].

—ié
C12€13 512€13 S13e” °CP
— id, id
Umno = | —S12C23 — €12513523€'°CP 1303 — S125135,3€"°CP €13523 (23)
i0 i6
S12€23 — €12523C23€ P —C13S23 — S12513523€ P C13S23

The Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix is a popular name for
this matrix.It's worth noting that when charged leptons have no other interactions beyond
SM interactions, their interaction eigenstates can be identified by comparing them to the
appropriate mass eigenstates up to phase redefinition. The approach above produces a
unitary UMNO matrix for thelight states in the example of three light Dirac neutrinos.
Because of the masses, spectrum energy,see-saw process, and violation of unitarity, the
UMNO matrix for the three flavors mixing cases isunitary, regardless of whether the
neutrinos are Dirac or Majorana particles (Gonzales-Gracia,2018). Now the mixing of
three generation neutrino is given as,

Ve %1
[vﬂ = U |v2 (24)
Uz %!

Since there is no direct evidence of non-zero neutrino mass from the laboratory
experiments. So, the upper limits from direct kinematic neutrino mass measurements
are given as my, < 15eV, my, < 0.17MeV, my < 18.2MeV (Nunokawa,2000;

Upadhyay et al., 2013). Now, the neutrino oscillation probabilities for three flavors using
Uno in equation (17) obtained as

2
P(v, - v,) = sin?(26,3)sin?(26,3)sin (MZ‘%L) (25)

In case of the weak interactions is invariant under CPT, (ve = vu) = (v — ve) and
Am?; = |m? —m| for atmosphere neutrino oscillation |Am?|atm = 2.5 X 10-3¢V2
(Thomson,2011). Similarly, we can calculate the probability for muon neutrinos changing
into tau neutrinos:

2
P(v, - v;) = sin?(26,3)cos*(260,3)sin (%) (26)
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Now we will calculate the survival probability of muon neutrinos; that is,

2
P(v, - v,) = 1 — sin?(26,3)sin?(26,3)+sin?(20,3)cos*(H;3)sin (%) (27)

3. Result and discussionTwo flavor oscillation

The numerical analysis is based on A = 0.1 and the nature is shows in figure 1. The
below figurel, shows that the probability of neutrino oscillation with the mixing angles.
In the case of equation (19) when the A=0.1, the probability of neutrino oscillation
decreases with increasing the mixing angles. The maximum probability of oscillation is
approximately 0.99998 at the mixing angle of5 degree. The neutrino oscillation
probability gradually decreases and becomes minimum at the angle of 45 degree after that
the probability is certainly increases with increasing the mixing angleand becomes
maximum at the angle of 58 degree. In the case of equation (20) when the A=0.1, the
probability of neutrino oscillation is increases with increasing the mixing angles. The
maximum probability of oscillation is 2.5 103 at the mixing angle of 45 degree. The
neutrino oscillation probability gradually increases from 0.1 to 2.5X 10—3and becomes
maximum at the angle of 45 degree after that the probability is certainly decreases with
increasing the mixing angle and becomes minimum at the angle of 58 degree.
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Figure 1. Two flavor neutrino oscillation probabilities

3.1. Three flavor oscillation

The numerical analysis of developed equation (25) is based on Am2 = 10—3eV with
consider 623 and % = 0.1 to 0.9 and the nature is shows in figure 2. In the below figure
2, we clearly see the nature of the neutrino oscillation probability based on Am? =
10—5eV with mixing angles. When L/E=0.1, the nature of neutrino oscillation probability
is analysis at four angles 5°, 10° 15° and 20°. In L/E=0.1 condition, the probability of
neutrino oscillation gradually increases with increasing the mixing angle in all four
constant angles 5°, 10°, 15°, and 20° from 0 to 0.7 X 10-7, 0.1 to 2.1x 10-7, 0.1 to 2.5x
10-7, and 0.05 to 0.9%x 10-7, respectively at the same mixing angleof 45 degrees. After
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that the neutrino oscillation probability decreases up to 0.4x 10-7,1.2x 10-7,1.4x 10-7,
and 0.8x 10-7, at the mixing angle of 58°.
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Figure 2. Three flavor neutrino oscillation probabilities ve — vu
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For L/E=0.2 condition, the probability of neutrino oscillation gradually increases with
increasing the mixing angle in all four constant angles 5°, 10°, 15°, and 20° from 0 to
1.2 X 1077, 0.2 to 4.1xX 10-7, and 0.2 to 4.9% 10-7, 0.1 to 2.8 X 10~ 7respectively at the
same mixing angle of 45 degrees. After that, the neutrino oscillation probability
decreases up to 1.1x 10-7, 3.5% 10-7,4x 10-7, and 2.3X 10-7at the mixing angle of
58°. For L/E=0.3 condition, the probability of neutrino oscillation gradually increases with
increasing the mixing angle in all four constant angles5°, 10°, 15° and 20° from 0 to
2 x1077, 0.4 to 6x 1077, 0.4 to 7.4x 10-7, and 0.2 to 4Xx 10-7respectively at the
same mixing angle of 45°. After that, the neutrino oscillation probability decreases up to
1.9x 10-7,5.2x 10-7,6.1x 10-7, and 3. 4 X 10-7at the mixing angle of 58°. For L/E=0.4
condition, the probability of neutrino oscillation gradually increases with increasing the
mixing angle in all four constant angles 5°, 10°, 15°, and 20° from 0.02 to 0.3X 10-6,
0.06 to 8.2x 10-6, 0.06 to 9.9%x 10-¢, and 0.04 to 0.55Xx 10-°respectively at the same
mixing angle of 45°. After that the neutrino oscillation probability decreases up to 0.24x
106, 7x 10-6, 8x 10-6 , and 2.3% 10-6at the mixing angle of 58°.

For L/E=0.5 condition, the probability of neutrino oscillation gradually increases with
increasing the mixing angle in all four constant angles 5°, 10°, 15°, and 20° from 0.02
to 0.35 x 1076, 0.06 to 1.15x 106, 0.06 to 1.25x 106, and 0.04 to 0.7x 10-6
respectively at the same mixing angle of 45 degrees. After that the neutrino oscillation
probability decreases up to 0.3x 10-6, 0.88x 10-¢, 1x 106 , and 0.58%x 10—at the
mixing angle of 58°. For L/E=0.6 condition, the probability of neutrino oscillation
gradually increases with increasing the mixing angle in all four constant angles 5°, 10°,
15°, and 20° from 0 to 0.4 X 10-6,0.1 to 1.25% 10-6, 0.1 to 1.45x 106, and 0.05 to 0.85
X 10-6 respectively at the same mixing angle of 45 degrees. After that the neutrino
oscillation probability decreases up to 0.35x 10-¢, 1.05% 10-¢, and 1.2Xx 10-°, and 0.7X
10-%at the mixing angle of 58°.

For L/E=0.7 condition, the probability of neutrino oscillation gradually increases with
increasing the mixing angle in all four constant angles 5°, 10°, 15°, and 20° from 0 to
0.5 x 1076, 0.1 to 1.4 X 10-%, and 0.1 to 1.75% 10~¢, and 0.05 to 0.9 10~6respectively
at the same mixing angle of 45 degrees. After that the neutrino oscillation probability
decreases up to 0.4x 106, 1.2x 10-6,1.4x 10-°, and 0.8 10-° at the mixing angle of
58°. For L/E=0.8 condition, the probability of neutrino oscillation gradually increases with
increasing the mixing angle in all four constant angles5°, 10°, 15°, and 20° from 0 to 0.55
X 10-6,0.1to 1.7x 106, and 0.1 to 1.9% 106, and 0.05 to 1.1x 10-° respectively at the
same mixing angle of 45 degrees. After that the neutrino oscillationprobability decreases
up to 0.5x 106, 1.4%x 10-6, 1.6x 10-6, and 0.9X 10-6at the mixing angle of 58°. For
L/E=0.9 condition, the probability of neutrino oscillation gradually increases with
increasing the mixing angle in all four constant angles 5°, 10°, 15°, and 20° from 0 to 0.7
X 1076, 0.1 to 1.85% 1076, 0.1 to 2.25% 10-¢, and 0.05 to 1.3X 10~ respectively at the
same mixing angle of 45 degrees. After that the neutrino oscillation probability decreases
up to 0.6x 106, 1.6x 10-6, and 1.8X 10-6, and 1.05% 10-6at the mixing angle of 58°.
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The numerical analysis of equation (26) is based on Am2 = 10—3eV with consider
023 and% = 0.1 to 0.9 the nature us show in figure 3. In the figure 3, we clearly see the

nature of the neutrino oscillation probability based on Am?2 = 10—>eV with mixing angles.
When L/E=0.1, the nature ofneutrino oscillation probability is analysis at four angles 5°,
10°, 15°, and 20°. In L/E=0.1 condition,the probability of neutrino oscillation gradually
decreases with increasing the mixing angle in all four angles 5°, 10, 15°, and 20° from to
0.7%x10-7t0 0, 1.9x 10-7to0 0, 2.35X 10-7 to 0, and1.3X 10-7 to O respectively at the
same mixing angle of 40 degrees. After some constant zeroprobability, the neutrino
oscillation probability again start to increase at mixing angle of 50°.

For L/E=0.2 condition, the probability of neutrino oscillation gradually decreases with
increasingthe mixing angle in all four angles 5°, 10°, 15° and 20° from to 1.4x 10-7 to
0,3.9%x 10710 0,4.6x 10-7 to 0, and 2.6X 10-7 to 0 respectively at the same mixing
angle of 40 degrees. After some constant zero probability, the neutrino oscillation
probability again start to increase at mixing angle of 50°. For L/E=0.3 condition, the
probability of neutrino oscillation gradually decreases with increasing the mixing angle
in all four angles 5°, 10°, 15° and 20° from to 2 X 10-7 to 0, 5.8X 10-7t0 0, 6.8X 10-7
to 0, and 3.9%x 10-7 to 0 respectively at the same mixing angle of 40 degrees. After some
constant zero probability, the neutrino oscillation probability again starts to increase at
mixing angle of 50°.

For L/E=0.4 condition, the probability of neutrino oscillation gradually decreases with
increasingthe mixing angle in all four angles 5°, 10°, 15° and 20° from to 0.25 X 10-6
t0 0,0.78x 10=6t0 0,0.9% 10-6to 0, and 0.5% 10~ to 0 respectively at the same mixing
angle of 40 degrees. After some constant zero probability, the neutrino oscillation
probability again starts to increase at mixing angle of 50°. For L/E=0.5 condition, the
probability of neutrino oscillation gradually decreases with increasing the mixing angle
in all four angles 5°, 10°, 15°, and 20° from to 0.36X 10-6t0 0, 0.88X 10=6t0 0, 1.16x
10-6to0 0, and 0.66X 10-° to 0 respectively at the same mixing angle of 40 degrees. After
some constant zero probability, the neutrino oscillation probability again starts to increase
at mixing angle of 50°. For L/E=0.6 condition, the probability of neutrino oscillation
gradually decreases with increasing the mixing angle in all four angles 5°, 10°, 15°, and
20° from to 0.4 X 10=6to 0, 1.16x 10-6 to 0, 1.38% 106 to 0, and 0.78% 106 to 0O
respectively at the same mixing angle of 40 degrees. After some constant zero probability,
the neutrino oscillation probability again starts to increase at mixing angle of 50°.
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27


https://dx.doi.org/10.20961/jphystheor-appl.v7i1.64492

Journal of Physics: Theories and Applications E-ISSN: 2549-7324 | P-ISSN: 2549-7316
J. Phys.: Theor. Appl. Vol. 7 No. 1 (2023) 17-30 doi: 10.20961/jphystheor-appl.v7i1.64492

For L/E=0.7 condition, the probability of neutrino oscillation gradually decreases with
increasingthe mixing angle in all four angles 5°, 10°, 15° and 20° from to 0.49 x 10-6
to 0, 1.35x10-6t0 0, 1.6X 10-6to 0, and 0.8x 10~ to 0 respectively at the same mixing
angle of 40 degrees. After some constant zero probability, the neutrino oscillation
probability again starts to increase at mixing angle of 50°. For L/E=0.8 condition, the
probability of neutrino oscillation gradually decreases with increasing the mixing angle
in all four angles 5°, 10°, 15°, and 20° from to 0.52% 10-6to 0, 1.5%X 106 to 0, and
1.8x 106 to 0, and 1X 106 to 0 respectively at the same mixing angle of 40 degrees.
After some constant zero probability, the neutrino oscillation probability again starts to
increase at mixing angle of 50°. For L/E=0.9 condition, the probability of neutrino
oscillation gradually decreases with increasing the mixing angle in all four angles 5°, 10°,
15° and 20° from to 0.6 X 10~ to 0, 1.75% 10-6 to 0, 2% 106 to 0, and 1.2x 10-¢
to 0 respectively at the same mixing angle of 40 degrees. After some constant zero
probability, the neutrino oscillation probability again starts to increase at a mixing angle
of 50°.

The numerical analysis of developed equation (27) is based on Am? = 10—>eV wth

consider 023 and % = (.1 to 0.9 and the nature is shows in figure’s 4. The figure 4 shows

the same nature of probability of oscillation of neutrino in four different angle 5°, 10°, 15°,
and 20° in all the condition of L/E=0.1 to 0.9 based on Am? = 10-5eV with mixing angles.
The neutrino oscillation probability gradually decreases with increasing the mixing
angles in degree. The neutrino oscillation probability becomes maximum at the mixing
angle of 45degree. Finding the minimumprobability certainly change the probability by
increasing its value. The maximum probability of neutrino oscillation is at a mixing angle
of Sdegrees
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4. Conclusion

We analyze the probability of neutrino oscillation when the four flavor of neutrino
mixed. First ofall, we observed the nature of two flavor neutrino oscillation based on the
equation (19) and (20) only one condition ofA= 0.1. In this observation we found that the
neutrino oscillation probabilitydecreases with increasing the mixing angles in equation
(19) but in equation (20) we found reverseprobability, increases with increasing the
mixing angle. After that we analyze the three-flavor neutrino oscillation based on the Am?
= 10-5eV and L/E=0.1 to 0.9 condition respectively in the four different angles 5°, 10°,
15° and 20°. By observation based on the equation (25) and the neutrino oscillation
probability from ve — , the neutrino oscillation probability increases with increasing the
mixing angles. In all the condition, the maximum probability is shown at the mixingangle
of 45 degree in the angle of 15 degree and minimum probability of oscillation in angle of
Sdegree. According to the equation (26), the oscillation probability of neutrino decreases
with increasing the mixing angles when vy — vr. The neutrino oscillation probability is
maximum in the initial mixing angles after that the probability becomes zero. The
maximum probability is seenin the angle of 15 degree by comparing all the four angles
followed by all the conditions. Followedby equation (27), we also find the same nature
but in different character. The neutrino oscillation decreases with increase in mixing
angles. But in this case, the maximum neutrino probability givenby an angle of 5 degree
instead of the angle of 15 degrees.
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