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Abstract: The second Maxwell’s relativistic equations of a rapidaly rotating 

neutron star, based on ZAMO framework (Zero Angular Momentum 

Observers) has been formulated. The formulations obtained were epresented 

by differential equations in the radial, polar, and azimuthal components. The 

ZAMO basis is implemented because the neutron star reviewed as a rotating 

star. The second Maxwell’s equation is important to use as one of the 

fundamental equations to formulate relativistic magnetic fields dynamics of 

the neutron stars that rotate rapidly.  

Keywords:  The second Maxwell’s equation; neutron star; fast rotation; 

ZAMO. 

1.  Introduction 

Star birth to death through a phase or a so called dynamic star. The dynamics of star 

depends on the initial mass of the star. Stars that have greater mass will have a shorter 

life span. This situation is due to the larger mass stars spent fuel faster. The fuel in 

question is an abundance of nuclei inside stars. While the use of fuel or power 

generation process at the stars using the fusion reaction. Results of the fusion reaction 

are the abundance of nuclei. 

Stars with masses larger can perform the fusion reaction to produce an abundance of 

nuclei 𝐶12 , 𝑁𝑒20  , 𝑂16 , even to 𝐹𝑒56 . An abundance of heavier nuclei are in the star's 

core, while others are sequential in the skin surrounding the star's core. Currently star is 

not able to perform a fusion reaction, and then the thermal pressure is not enough to 

offset the force of gravity. When a star's core is not able to perform fusion reactions in 

their cores, then the thermal stress generated is not enough to offset the force of gravity. 

Therefore the star undergoes gravitational collapse. This situation causes the stars to be 

very tight for a very short time interval. As a result of this situation is a stellar explosion 

called a supernova? In the process of supernova, the majority of which contain an 

abundance of stellar mass atomic nuclei thrown into interstellar space. While a star's 

core will be the object or compact objects. While a star's core will be the object or 

compact objects. 
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In astronomy that includes a compact object are a white dwarf, neutron stars, and 

black holes. For stars with high mass categories, then after a phase of supernova, the 

core of the star becomes a neutron star or a black hole. The star's core is still 

experiencing gravitational collapse. If the mass of a stellar core collapse gravity less 

than the mass Oppenheimer-Volkoff (≈ 2 − 3𝑀⊙), then the star into a neutron star 

(Potekhin, 2011). While, if the mass of a star's core exceeds the Oppenheimer-Volkoff 

mass, the gravitational collapse can not be stopped, and the star becomes a black hole. 

Stars with masses ≿ 6 − 8 𝑀⨀ the end of its dynamic is a neutron star (Camenzind, 

2007). The neutron star has mass characteristics 𝑀∗ ∼ 1 − 2 𝑀⊙ and has a radius𝑅∗ ≈

10 − 14 km. A neutron star can have a maximum mass of𝑀∗ ∼ 1,5 𝑀⊙. As for the 

maximum radius of a neutron star is equal to 𝑅∗ ∼ 3 km (Shaphiro et al., 2004). 

Therefore, it has amounted to 𝜌 ≃ (2 − 3)𝜌𝑜, with 𝜌𝑜 = 2,8 × 1014 g cm−3  is the 

normal density core (Haensel et al., 2007). While the neutron star gravitational force is 

𝐸grav~𝐺𝑀2 𝑅⁄ ~5 × 1053erg ~ 0,2 𝑀𝑐2, and gravity on the surface of the neutron star 

is  𝑔~𝐺𝑀 𝑅2⁄ ~2 × 1014cm s−2 (2 × 1011 times that of Earth) (Hansel et al., 2007). 

The value of the mass density in the neutron star's gravitational force is not the only 

basic neutron star is part of the compact objects. However compactness of neutron stars 

are also measured on parameters of compactness is  

                𝑥𝑔 = 𝑟𝑔 𝑅⁄ ,                     (1) 

where  

           𝑟𝑔 = 2𝐺𝑀 𝑐2⁄ ≈ 2,95 𝑀∗ 𝑀⊙⁄ .                  (2) 

The neutron star has parameters of compactness 𝑥𝑔~0,2 − 0,4. The amount 

parameter compactness of the neutron star, the neutron star is reviewed with general 

relativity. While many heavenly bodies have a compactness factor much smaller or 

𝑥𝑔 ≪ 1, which do not require a review of general relativity. For example Sun with 

compactness parameter of 𝑥𝑔~10
−6. 

Another very important characteristic in a neutron star is the magnetic field that is 

owned neutron star. Neutron star's magnetic field can reach 10
18

 G (Potekhin, 2011). 

But the magnitude of the magnetic field in a neutron star can be decreased. For 

example, neutron stars that originally had a magnetic field of ~1012 G within 5 × 106 

years the magnitude of the magnetic field becomes ~ ~108 G (Zhang, 2007).  

 A neutron star is detected decreasing magnetic field is found in the dual system 

(Batacharya, 2002). Meanwhile, if the neutron stars are in multiple systems, then the 

neutron star's accretion process with a companion stars. Therefore many astrophysicists 

who found a decrease in the magnetic field in a neutron star neutron star would make 

the process of accretion, (Anzer et al., 1979; Choudhuri et al., 2002; Cumming et al., 

2001; Ho, 2011; Konar et al., 1996; Lovelace et al., 2005; Melatos et al., 2001). 

The theoretical study related to a decrease in the magnetic field of which the 

formulation of equations reduced magnetic field. Equation reduction in the neutron 

star's magnetic field has been studied. This study reviewed neutron stars do accretion. 

However, this study within the framework of non-relativistic and non-rotating neutron 

stars. The resulting equation shows the dynamics of the magnetic field associated with 
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the accretion rate (Cumming, et al., 2001). Studies in relativistic been studied by 

generating an electromagnetic field which is stationary in space time Schwarzschild 

(Anderson, et al., 1970). The electromagnetic field is needed to assess the dynamics of 

the magnetic field. But the electric field in the Schwarzschild background neutron star 

results is not the solution of the equation Maxwell (Sengupta, 1995). In 1997 Sengupta 

explained ohmic decay rate in the space of time Schwarzschild. While decay ohmic one 

that is considered responsible for causing the magnitude of the magnetic field in a 

neutron star. Effects compact neutron star affects the curvature of space and time. Time 

decline in the magnetic field is shorter if examined on a curved space-time rather than 

space-time flat (Geppert, et al., 2000). Spinning neutron star and studied relativistic 

Muslinov and Tsygan in his article in 1992. 

In a study about the decline in the magnetic field required magnetic field dynamics 

equations can be obtained from the relativistic Maxwell equations. Maxwell equations 

have been formulated solutions in the space of time slowly rotating neutron star with a 

neutron star around there is no material or neutron star did accretion, with the 

electromagnetic field slowly rotating neutron star is measured by an observer ZAMO 

(Zero Angular Momentum Observers) (Rezzolla et al, 2004), Study of rotating star or 

star rotates using metrics to require a review by ZAMO (Rezzolla et al, 2004a) 

(Camenzind, 2007). Has generated magnetic field dynamics equations for slowly 

rotating neutron stars and there is the matter around the neutron star (Yasrina, et al., 

2014). The first equation in the relativistic Maxwell spinning neutron star slowly and do 

accretion has been obtained to be used to formulate the dynamics equations in the 

neutron star's magnetic field (Yasrina, 2016). 

2.  Research Methods 

This research is a theoretical-mathematical study analytically. Therefore, this 

research method is a literature review. Research procedures to obtain the second 

equation formulation of the relativistic Maxwell rapidly spinning neutron star ZAMO 

based framework (shown in Figure (1). 
 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Research procedures to obtain the formulation of four current density 
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3.  Results and Discussion 

In a coordinate system (𝑐𝑡, 𝑟, 𝜃, 𝜑), the rapidly rotation metric for a rotating 

relativistic stars is  

 

           𝑑𝑠2 = −𝑒2𝜙𝑑𝑡2 + 𝑒2𝜆𝑟2 sin2 𝜃 (𝑑𝜑 − 𝜔𝑑𝑡)2 + 𝑒2𝛼(𝑑𝑟2 + 𝑟2𝑑𝜃2),         (3) 

 

where 𝜔(𝑟)can be interpreted as the angular velocityof a free falling (inertia) frame and  

𝜙, 𝜆, 𝜔, 𝛼  are function that depends on  𝑟  dan 𝜃  (Gregory,et al., 1994). Equation (3) shows 

that the component matrix rapidly rotating neutron star is 

 

               𝑔𝜇𝜈 = [

−(𝑒2𝜙 − 𝑒2𝜆𝑟2 sin2 𝜃𝜔2) 0

0 𝑒2𝛼
0 −𝑒2𝜆𝑟2 sin2 𝜃𝜔
0 0

           0                    0
−𝑒2𝜆𝑟2 sin2 𝜃 𝜔                    0

𝑒2𝛼𝑟2     0              
0      𝑒2𝜆𝑟2 sin2 𝜃

].    (4) 

The componets of tetrad  {𝑒𝜇 } = (𝑒0̂, 𝑒𝑟 , 𝑒�̂�, 𝑒𝜑 ) carried by ZAMO observer are  

𝑒0̂
𝑣 = 𝑒−𝜙(1,0,0, 𝜔), 

𝑒𝑟 
𝑣 = 𝑒−𝛼(0,1,0,0), 

𝑒
�̂�
𝑣 = 𝑒−𝛼𝑟−1(0,0,1,0), 

   

 𝑒𝜑 
𝑣 =

−𝑒2𝜙+𝑒2𝜆𝑟2 sin2𝜃𝜔2

𝑒𝜙𝑒𝜆𝑟 sin𝜃
𝑒−𝜙(0,0,0,1),  (5)

 

  

and  the 1-form  {𝑤𝜇 } = (𝑤0̂, 𝑤𝑟 , 𝑤�̂� , 𝑤𝜑 ) are 

𝑤𝑣
0̂ = (𝑒2𝜙 − 𝑒2𝜆𝑟2 sin2 𝜃𝜔2)

1
2(1,0,0,0), 𝑤𝑣

𝑟 = 𝑒𝛼(0,1,0,0), 

𝑤𝑣
�̂� = 𝑒𝛼𝑟(0,0,1,0), 

                  𝑤𝑣
𝜑 
= 𝑒𝜆𝑟 sin 𝜃 (−𝜔, 0,0,1)                     (6) 

(Yasrina, 2015a). Four-velocity componets for metric in equation (3) are  

    𝑢𝜇 =
𝑒−𝜙

√1−𝑉2
(1,0,0, 𝜔); 

                           𝑢𝜇 = −
𝑒𝜙

√1−𝑉2
(1,0,0,0),                 (7) 

where 

     𝑉2 = 𝑒2𝜙 [𝑒2𝜆𝑟2 sin2 𝜃 (Ω − 𝜔)2 + 𝑒2𝛼(𝑣𝑟)2 + 𝑒2𝛼𝑟2(𝑣𝜃)
2
]       (8) 

(Yasrina, 2015a). While the conductor four-velocity can be obtained from the equation 

(12) that is  

𝛿𝑢𝜇 = Γ(1, 𝛿𝑣𝛼 ) = Γ (1, 𝑒−𝛼𝛿𝑣𝑟 , 𝑒−𝛼𝑟−1𝛿𝑣 �̂�,
(−𝑒2𝜙+𝑒2𝜆𝑟2𝜔2 sin2 𝜃)

1
2

𝑒𝜙𝑒𝜆 𝑟 sin𝜃
𝛿𝑣𝜑 ) = 𝓌𝛼, (9) 

with Γ is 

   Γ = [−𝑔00 (1 +
𝑔𝛼𝛽(𝛿𝑣

𝛼𝛿𝑣𝛽)

𝑔00
)]

−
1

2

                      (10) 
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(Rezzolla dkk, 2004b). In this case, it is assumed small velocity pertubation for which  

𝛿𝑣𝛼 ≪ 1, so the equation (10) into  

    Γ ≈ [−𝑔00]
−
1

2 ≈ (𝑒2𝜙 − 𝑒2𝜆𝑟2𝜔2 sin2 𝜃)
−
1

2 .     (11) 

The general form second pair of Maxwell equation is given by 

 𝐹𝜇𝑣;𝑣 = 4𝜋𝐽𝜇.       (12) 

The four-current 𝐽𝛼 is a sum of convection and (𝜌𝑒𝓌
𝛼) conduction currents (𝑗𝛼)  

𝐽𝜇 = 𝜌𝑒𝓌
𝜇 + 𝑗𝜇;    𝑗𝜇𝓌𝜇 ≡ 0 ,      (13) 

with  𝓌 being the conductor four-velocity, 𝜌𝑒 the proper charge density, dan (𝑗𝜇) 

counduction curret. The conduction curret is  

𝑗𝜇 = 𝜎𝐹𝜇𝑣𝓌
𝜇,                         (14) 

with 𝜎 is electrial conductivity. The  equation (14) requires the covariance tensor 

electromagnetic field that can be obtained from the metric in equation (3). Hence the 

conduction current covariance component is 

𝑗0 =
𝜎

√1 − 𝑉2
[−(𝑒𝜙𝑒𝛼𝐸𝑟 − 𝑒𝛼𝑒𝜆𝑟2𝜔 sin 𝜃 𝐵�̂�)Γ 𝑒−𝛼𝛿𝑣𝑟 

+ (−𝑒𝜙𝐸�̂� + 𝑒𝛼𝑒𝜆𝑟2𝜔 sin 𝜃 𝐵𝑟 )Γ 𝑒−𝛼𝑟−1𝛿𝑣 �̂�

− (−𝑒2𝜙 + 𝑒2𝜆𝑟2𝜔2 sin2 𝜃)𝐸�̂�Γ 𝑒−𝜙𝛿𝑣𝜑 ], 

𝑗𝑟 =
𝜎

√1 − 𝑉2
[(𝑒𝜙𝑒𝛼𝐸𝑟 − 𝑒𝛼𝑒𝜆𝑟2𝜔 sin 𝜃 𝐵�̂�)Γ

− (−𝑒2𝜙 + 𝑒2𝜆𝑟2𝜔2 sin2 𝜃)
1
2𝐵𝜑 Γ 𝑒𝛼𝑒𝜙𝑟−1𝛿𝑣 �̂�

− (−𝑒2𝜙 + 𝑒2𝜆𝑟2𝜔2 sin2 𝜃)
1
2𝐵�̂�Γ eα𝑒𝜙𝛿𝑣𝜑 ], 

𝑗𝜃 =
𝜎

√1 − 𝑉2
[−(𝑒𝜙𝐸�̂� + 𝑒𝛼𝑒𝜆𝑟2𝜔 sin 𝜃 𝐵𝑟 )Γ

+ (−𝑒2𝜙 + 𝑒2𝜆𝑟2𝜔2 sin2 𝜃)
1
2𝐵𝜑 Γ 𝑒𝛼𝑒−𝜙𝛿𝑣𝑟 

− (−𝑒2𝜙 + 𝑒2𝜆𝑟2𝜔2 sin2 𝜃)
1
2𝐵𝑟 Γ eα𝑒−𝜙𝑟𝛿𝑣𝜑 ], 

𝑗𝜑 =
𝜎

√1−𝑉2
[(−𝑒2𝜙 + 𝑒2𝜆𝑟2𝜔2 sin2 𝜃)𝐸�̂�Γ 𝑒𝜆𝑟 sin 𝜃 + 𝑒𝜆𝑟 sin 𝜃 𝐵�̂�Γ 𝛿𝑣𝑟 + 𝑒𝜆𝑟 sin 𝜃 𝐵�̂�Γ 𝛿𝑣�̂�].   (15) 

While the four-current in ZAMO framework for rapidly rotating neutron star is 

𝐽0̂ = 𝑒𝜙𝜌𝑒 Γ − 𝑒−𝜙(𝑗0 −𝜔𝑗𝜑), 

𝐽𝑟 = 𝜌𝑒Γ𝛿𝑣
𝑟 + 𝑒−𝛼𝑗𝑟, 

𝐽�̂� = 𝜌𝑒Γ𝛿𝑣
�̂� + 𝑒−𝛼𝑟−1𝑗𝜃, 

𝐽𝜑 = 𝜌𝑒Γ𝛿𝑣
�̂� − 𝑒−2𝜙𝜔𝑗𝑜

(𝑒𝜙𝑒𝜆𝑟 sin𝜃)

(−𝑒2𝜙+𝑒2𝜆𝑟2𝜔2 sin2 𝜃)
1
2

+
(−𝑒2𝜙+𝑒2𝜆𝑟2𝜔2 sin2 𝜃)

1
2

𝑒𝜙𝑒𝜆𝑟 sin𝜃
𝑗𝜑,     (16) 

with  𝑗0, 𝑗𝑟, 𝑗𝜃, and  𝑗𝜑 is expressed in the equation (15). The equations (9), (11), (15), and 

(16) was presented at Seminar Nasional Fisika dan Pembelajarannya 2016 in 

Universitas Negeri Malang.  
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 The contavarian electromagnetic tensor rapidly rotating  neutron star within the 

ZAMO framework observers is 

𝐹00 = 𝐹11 = 𝐹22 = 𝐹33 = 0,  

𝐹01 = −𝐹10 = (−𝑌−1𝑒−𝛼𝐵𝑟) = −𝑒−𝜙−𝛼 √1 − 𝑉2𝐵𝑟 ,  

𝐹02 = −𝐹20 = (𝑌−1𝐵𝜃) = 𝑒−𝜙−𝛼 𝑟−1√1 − 𝑉2𝐵�̂�,  

𝐹03 = −𝐹30 = −(𝑌−1𝐵𝜑) =
(−𝑒2𝜙+𝑒2𝜆𝑟2 sin2 𝜃𝜔2)

1/2

𝑒2𝜙+𝜆𝑟 sin𝜃
√1 − 𝑉2𝐵𝜑 ,  

𝐹12 = −𝐹21 = −(𝑋−1𝐸𝜑) = −
(−𝑒2𝜙+𝑒2𝜆𝑟2 sin2 𝜃𝜔2)

1
2

𝑒2𝛼+𝜙𝑟
√1 − 𝑉2𝐸𝜑 ,  

𝐹13 = −𝐹31 = −(𝑋−1𝐸𝜃 − 𝑌−1𝜔𝐵𝑟) = − [
𝐸�̂�

𝑒𝛼+𝜆𝑟 𝑠𝑖𝑛𝜃
−

𝜔

𝑒𝜙+𝛼 𝐵
𝑟 ] √1 − 𝑉2,  

𝐹23 = −𝐹32 = −(𝑋−1𝐸𝑟 − 𝑌−1𝜔𝐵𝜃) = −[
𝐸𝑟 

𝑒𝛼+𝜆𝑟2 𝑠𝑖𝑛𝜃
−

𝜔

𝑒𝜙+𝛼𝑟
𝐵�̂�] √1 − 𝑉2     (17) 

(Yasrina, 2015b). The general form second pair of Maxwell equation can be obtained by 

substituting equation (16) and (17) to the equation (12), with 𝐽𝜇  also within the ZAMO 

framework, in order to obtain 

 

−(𝑒𝛼+𝜆 𝑟2 sin 𝜃 √1 − 𝑉2𝐵𝑟 )
,𝑟
+ ((𝑒𝜙𝑒2𝛼𝑒𝜆𝑟2 sin 𝜃)𝑒𝛼+𝜆 𝑟 sin 𝜃 √1 − 𝑉2𝐵�̂�)

,𝜃
  

+(𝑒−𝜙+2𝛼𝑟 (−𝑒2𝜙 + 𝑒2𝜆𝑟2 sin2 𝜃 𝜔2)
1/2

√1 − 𝑉2𝐵𝜑 )
,𝜑
= (𝑒𝜙𝑒2𝛼𝑒𝜆𝑟2 sin 𝜃) 4𝜋𝐽0̂

         (18) 

(𝑒𝛼+𝜆𝑟2 sin 𝜃 √1 − 𝑉2𝐵𝑟 )
,𝑡
− (𝑒𝜆𝑟 sin 𝜃 (−𝑒2𝜙 + 𝑒2𝜆𝑟2 sin2 𝜃 𝜔2)

1

2√1 − 𝑉2𝐸𝜑 )
,𝑟

   

−((𝑒𝜙𝑒2𝛼𝑒𝜆𝑟2 sin𝜃) [
𝐸�̂�

𝑒𝛼+𝜆𝑟 𝑠𝑖𝑛𝜃
−

𝜔

𝑒𝜙+𝛼 𝐵
𝑟 ] √1 − 𝑉2)

,𝜑

= (𝑒𝜙𝑒2𝛼𝑒𝜆𝑟2 sin 𝜃) 4𝜋𝐽𝑟 ,  

  (19)  

−(𝑒𝛼+𝜆𝑟 sin 𝜃 √1 − 𝑉2𝐵�̂�)
,𝑡
+ (𝑒𝛼+𝜆𝑟 sin 𝜃 (−𝑒2𝜙 + 𝑒2𝜆𝑟2 sin2 𝜃𝜔2)

1

2√1 − 𝑉2𝐸𝜑 )
,𝑟

  

−((𝑒𝜙𝑒2𝛼𝑒𝜆𝑟2 sin𝜃) [
𝐸𝑟 

𝑒𝛼+𝜆𝑟2 𝑠𝑖𝑛𝜃
−

𝜔

𝑒𝜙+𝛼𝑟
𝐵�̂�] √1 − 𝑉2)

,3

= (𝑒𝜙𝑒2𝛼𝑒𝜆𝑟2 sin 𝜃) 4𝜋𝐽�̂� , 

  (20) 

(𝑒−𝜙+2𝛼𝑟(−𝑒2𝜙 + 𝑒2𝜆𝑟2 sin2 𝜃 𝜔2)
1

2√1 − 𝑉2𝐵𝜑 )
,𝑡

  

+((𝑒𝜙𝑒2𝛼𝑒𝜆𝑟2 sin𝜃) [
𝐸�̂�

𝑒𝛼+𝜆𝑟 𝑠𝑖𝑛𝜃
−

𝜔

𝑒𝜙+𝛼 𝐵
𝑟 ] √1 − 𝑉2)

,𝑟

  

+((𝑒𝜙𝑒2𝛼𝑒𝜆𝑟2 sin𝜃) [
𝐸𝑟 

𝑒𝛼+𝜆𝑟2 𝑠𝑖𝑛𝜃
−

𝜔

𝑒𝜙+𝛼𝑟
𝐵�̂�] √1 − 𝑉2)

,𝜃

=

(𝑒𝜙𝑒2𝛼𝑒𝜆𝑟2 sin 𝜃) 4𝜋𝐽𝜑 .                (21) 

Equation (18) to (21) and the first equation Maxwell equations can be used to formulate 

the dynamics of the magnetic field in rapidly rotating neutron star that does accretion. 
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4.  Conclusion 

The equation (18) to (21) are the general form second pair of Maxwell equation in in 

rapidly rotating neutron star that does accretion within the ZAMO framework. The 

general form second pair of Maxwell equation obtained are represented by differential 

equations in the radial, polar, and azimuthal components. The second Maxwell’s 

equation is important to use as one of the fundamental equations to formulate relativistic 

magnetic fields dynamics of the neutron stars that rotate rapidly.  
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