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Abstract: The energy eigenvalues and eigenfunctions of Dirac equation for
Rosen Morse plus Rosen Morse potential are investigated numerically in
terms of finite Romanovsky Polynomial. The bound state energy eigenvalues
are given in a closed form and corresponding eigenfunctions are obtained in
terms of Romanovski polynomials. The energi eigen value is solved by
numerical method with Matlab 2011.
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1. Introduction
It is well known that the exact energy eigenvalues of the bound state play an

important role in quantum mechanics. In particular, the Dirac equation which describes
the motion of a spin-1/2 particle has been used in solvingmany problems of nuclear and
high-energy physics (Azizi & Rajabi, 2013). The exact solution of some non-central
potentials for /-wave have been investigated intensively by some authors (Cari &
Suparmi, 2012). For example on 2004, Reity, Rubish and Myhalyna was investigated
Dirac equation for vector and scalar potential (Reity & Myhalyna, 2014), Victor M.
Villalba find the solution in the presence of a gravitational instanton on 2005 (Villaba,
2005), and Bakkeshizadeh and Vahidi solving the Dirac equation for Coulomb and
NAD potential (Bakkeshizadeh & Wahidi, 2012).

In general the non-central potential is a potential as a function of radial and angular
positions simultaneously. These potentials is constructed by combination of radial shape
or nonshape invariance. The potentials that can be used sucs as hyperbolic Scarf
Potential, Manning Rosen, Rosen Morse, etc. The bound state energy spectra of these
potentials have been investigated by Supersymetri method (Cari, Suparmi & H. Marini,
2012), Nikivorof-Uvarof (Ikot & Akpabio, 2010), Laplace Transformation Method
(Eshghi, Hamzavi & Ikhdair, 2012). Romanovsky polynomials (David, 2009), WKB
Method (Sadeghi, Pahlavani, Naderi, et al., 2005).
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In this paper will be solved the the Dirac equation for non-central potential in term of
Romanovski polynomials by numerical method. The Dirac equation of non-central
potentials are solved using separation variable method when the non-central potential is
separable. We must set the Dirac equation like hypergeometric term and then make a
differential equation in term of Romanovsky polynomials. The last we will get a
complicated equation of energi eigen value that can’t be solved by analitical method so
we must use numerical method to find of solution. Beside that we also get angular wave
function and that must be solved by Matlab 2011.

2. Basic Theory

2.1. Dirac Equation
The relativistic Dirac equation is a covariant first order differential equation in a four

dimensional space-time representation. In The one dimensional Dirac equation |,

Solution can be simplified by adopting of two components approach. These components

contain solution for positive and negative energy spinors (Weber, 2007). Dirac equation

with the scalar potential S(r)dan vector potential V() is given as,

{ca.p + B(mc? + S }p(r) = (£~ VE@)p(r) (1)
Where M is rest mass of particle, E is the total energy, and p is the momentum

¢(r)

o (r)) and using Puli’s matrices, we can get the form of

operator. By setting (1) = (

equation (1) equal,

co.pl{(r) ={Mc?+S(r)+E-V(@)}x@) (2)
When scalar potential is equal to vector potential, S(r) = V() we get corelation,
co.pED = (—Mc? + E - 2V (1)} (1) @3)

By applying Pauli matrices it is simply shown that (¢.p)(o.p) = p? and if h,c = 1 so
equation (3) can be rewriten as,
{p? —2VvIM + EY(}(r) = {E? — M?}(r) (4)
Equation (3) is Dirac equation where scalar potential is similar to the vector
potential, M is the relativistic mass and E is relativistic energy. In non relativistic limit,
E—M — Eyr, Eyr is non relativistic energy, E + M — 2u, where u is the non
relativistic mass. By applying that condition into equation (4) so that equation can be
reduced to,

(p? — 22} () = (E — M}2u(r)
(- 2v )} = Ens () (5)

2.2. Rosen Morse Potential
Rosen Morse potential given as,

1
V(r) = (vs(;;r) — 2q cot r) (6)
Where v and q is constant. If r — ir, g = iq so equation (6) can be rewriten as,
1
V(ir) = (— Zl(;};:zr) — 2q coth r) @)

2 Analytical solution of energy eigen value, eigen function...
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Equation (7) is Eckart potential. Is showed that Rosen Morse potential is compleks form
of Eckart potential.

3. Analysis Method
The method that be used is Romanovski polynomials. Romanovski polynomials were

discovered in 1884 by Routh in the form of complexified Jacobi polynomials on the unit
circle in the complex plane and were then rediscovered as real polynomials by
Romanovski in a statistics framework (Ikot & Akpabio (2010). The Romanovski
polynomials are built from The generalized hypergeometric equation is given,

o () 2D 4 () 229 _ 3y, () = 0 (®)
where

o(x) =ax?+bx+c, T=dx+eand A, = —(n(n —1)+2n(1 — p)) 9)
For Romanovski polynomial, the values of parameters in equation (8) are,
a=1b=0,c=1d=2(1-p)e=q, p>0; y(x) =DPPx):p=—B >n
So we get the new type of differential equation is caled Romanovski polynomials.

(1429 LR 4 (1~ p) + ) 2D (- 1) + 2n(1 - pIDPP(x) =
0 (10)
The weight function obtained by solving the Pearson differential equation is

= (c(w(®) = t@w(x) (11)
And

w() = exp ([ ELE R dx) 12

The corresponding polynomials to the weight function equation (12) are built up from
the Rodrigues representation that is given as,

DD (x) = == (1 + x2)"w(x) (13)

By inserting all the parameter into equation (12) we obtain the weight function as,
w(x) = (1 4 x2)7P edtan™ @) (14)
The Romanovski polynomials obtain by inserting equation (14) in to equation (13) as,

DPD(x) = ! L (1 + x2)(1 + x2) P edtan” () (15)

(1+x2)~P e tan=1(x) gxn

4. Solution of Radial Dirac Equation for Non-central Potential using Romanovsky
Polynomials
One dimension of Dirac equation with Rosen Morse potential plus Rosen Morse

potential with the centrifugal term is showed in equation (16),
9 (rz aR—(T)) {(E + M)y? (v(vﬂ) 2qtan yr) —(E? - MZ)}R(r) = AR(r) (16)

ar or sin2yr
Where A = I(1 + 1) if we set that,
1 1
rz = yz (d + sinzyr) (17)
withd, = —, ifwesetR(r) = equatlon (16) can be rewriten as,
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%x(m) _

ar2

2 [(vHD)(E+M)+I(1+1) _ (E2-M?) _
y {( pr 2(E + M)qcotyr) i + (Il + 1)d0)})((r) =0 (18)

By making an approriate change of variable, cot yr = x, then equation (18) becomes

1(1+1d 2(E+M E2-M?2
(1+ xz) £ + 2x { ((;3623”’ - ((;x)zq)yx - (y(l+x2)) +(E+Mv@w+1Dy+

Q@+ 1)V}X(r) =0 (19)
To solve equation (19) in term Romanovski polynomials, equation (14) suggest the
substitution in equation (19) as,

= (1 +x2)ze 24 DD () (20)
By inserting equation (20) into (19) we obtain,
(r.9) (r.9)
@2+ DTy x(B+ 1) ) PPy
—[5’2—a[w’x+T+(E+M)2qyx+%—l(l+1)doy 5
{( ) +B+p*—(E+Mvw+1y-—
(1 + 1)}0}}"‘”(@ =0 (21)
—af + (E + M)2qy =0 (22a)
B +% + EM) 1+ Ddgy = 0 (22b)

Then equation (21) reduces to the Romanovski equation like in equation (10) and
then comparing the parameters between equations (10) and (21) we obtain the relation,
B+1)=(p+1)dana=—q (23a)

2
lyl+1)+(E+Mvw+ 1)y — [ﬁ + %] +% =nn—-1)+2n(1—-p) (23b)
From equation (23b) we have

,8=\/ly(l+1)+(E+M)v(v+1)y+%—n—% (24)

And from equation (22b) we obtain

2_pg2 _ 2
a? = -2 ((E—YM) — 11+ 1)doy ) ZJ(“y—M) — 10+ 1doy) + (E + M)?4q2y?

(25a)
g2 =C 4 T 101 1)dyy (25b)
Using equation (24) and (25b) we can obtain
o= — (E+M)2qy (26)

le(l+1) +(E+M)v(v+ 1)y+%—n—%

And finally we obtain the energy spectra as,

4 Analytical solution of energy eigen value, eigen function...
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2
(EZ—MZ)=y<Jzy(z+1)+(E+M)v(v+1)y+§—n—§> -

2

o\ T + 11+ Ddoy? (27)
4 \/ly(l+1)+(E+M)v(v+1)y+%_n_%

To find the energi eigen value from equation (27) we can’t use analitical method, but
we must solve the equation by numerical method. By numerical method with variation
of gamma and n value we get the energi eigen value that be showed at the table bellow,

Table 1. Energi eigen value with n and y variation

v=1u=l,M=1 m=2andy=1,0037
n 1 2 3 4 5

E (fm™) | 5.3924 | 6.4945 | 7.5211 | 8.6292 | 9.6785

v=1u=1,M=1 m=2andy=1,0503
n 1 2 3 4 5

E (fm™) | 45153 | 5.5153 | 6.4874 | 7.4422 | 8.3858

v=1u=l,M=1 m=2andy=1,1045
n 1 2 3 4 5

E (fm™) | 3.8309 | 4.7476 | 5.6355 | 6.5064 | 7.3655

And with variation of n,v, and g we can see on the Table 2.

Table 2. Energy eigen value with v and n variation

n v q M % E(fm™)
1 0.1 0 2 1 4.3966
1 0.2 0 2 1 4.0012
1 0.3 0 2 1 3.5876
1 0.4 0 2 1 3.2185
2 0.1 0 2 1 6.0956
2 0.2 0 2 1 5.5301
2 0.3 0 2 1 4.9456
2 0.4 0 2 1 4.3809
3 0.1 0 2 1 7.8766
3 0.2 0 2 1 7.1464
3 0.3 0 2 1 6.3936
3 0.4 0 2 1 5.0034
4 0.1 0 2 1 9.6894
4 0.2 0 2 1 8.7949
4 0.3 0 2 1 7.8762
4 0.4 0 2 1 6.9902

Beside using variation of y, v and n value we can calculate the enrgy eigen value
with q variation. The result is showed by Table 3.
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Table 3. Energy eigen value with g and n variation

n v q M Y E(eV)
1 0 0.01 2 1 4.5979
1 0 0.02 2 1 4.1954
1 0 0.03 2 1 3.5859
1 0 0.04 2 1 2.8955
2 0 0.01 2 1 6.4173
2 0 0.02 2 1 5.9308
2 0 0.03 2 1 5.1475
2 0 0.04 2 1 4.2377
3 0 0.01 2 1 8.3101
3 0 0.02 2 1 7.7075
3 0 0.03 2 1 6.6709
3 0 0.04 2 1 5.4624
4 0 0.01 2 1 10.2320
4 0 0.02 2 1 9.4778
4 0 0.03 2 1 8.0960
4 0 0.04 2 1 6.5254

From Table 1 we can invetigated the graph relation of energy and n like figure 1.

Energi

2k .............. .............. ............ ’r Garmma=1 .
: : : —#— Garmma=1.05

—8— Gamma=1.1

D i | | 1 1
0 1 2 3 4 5 B

Figure 1. Graph of energy eigen value versus n

From the graph can be showed that if the n value is increase so the energi eigen value
also increase. The fact olso can be applied to y value. With little increasing of y can
make large change of energy eigen value. The increasing of n show that if elektron stay
far from the nucleus, it need the bigger energy. But if the electron distrubing by v and g
the energy is decrease.

To determine the radial wave function, equations (23a), (24) and (26) are inserted in
to equations (14) and (15) so that we obtain the weight function w(x) and the

Romanovski polynomials D% (x) as
(E+M)2qy

-1
2 ﬂ=\/l)/(l+1)+(E+M)v(v+1)]/+l—n—l JZy(z+1)+(E+M)v(u+1)y+1—n—1tan ¢
w(x) =1+ x%) ¢+ 2pg a2 (28)
And
) (-B—) 1 ar - -1
DY) = R P70 = ot g (A AP @) - (29)

6 Analytical solution of energy eigen value, eigen function...
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And the result of the wave function of the nth level is
Xy = V(1 + x2)fe-atan™ G RTF~D () (30)
Some the solving of equation (29) and (30) are
RO(_ﬁO'_QO) =1
XO;l — \/(1 + xZ)ﬁe—a tan—1(x)
R, TP = 2x(B+ 1) —«a
X1 =+ (1 +x2)Be-atan” () (2x(B + 1) — a)

R, TP2%2) = 4(B + 2)2x% + 2(B + 2)(1 + x2) — 4(B + 2)x2 — 4(B + 2)ax + 2a +

aZ

X3, = \/(1 + x2)Pe-atan™ () (4(B + 2)%x? + 2(B + 2)(1 + x?) — 4(B + 2)x?

—4(B + 2)ax + 2a + a?)
The eigen function from ground state condition can be plot from the solution of X,
the eigen function can be seen at Figure (1) bellow,

—Gamma=1
——Gamma=1.05

AL —— Gamma=1.1

)
A\ -
A

/A A
N L NN U

Figure 2. Eigen function with when groundstate condition

And the eigen function for first energy, can be seen at Figure (2) bellow,

5

~\ ==

Gamma=1
Gamma=1.05

Gamma=1.1

T
1 2 3 4 5 B 7 8

Figure 3. Eigen function with with y variation

Wave function explain about probability density to find of electron, because
statistical interpretation about wave function basicly show that the result of measuring
in the quantum system unpredictable. From the Figure (2) that explain about ground
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state condition, we can see that with the increase of gamma, not give anychange for
amplitude, but just there is displacement of phase. That means electron can be find on
the groundstate condition. If the amplitude increase that mean the probability to find
electron of course increase. So from the graph we can say that if the value of gamma
increase so the probability density also increase. Fom the graph can be know that by
given a little perturbation, amplitudo increase only on the graph when the y value equal
1,1. But for y value equal 1 and 1,05 only displacement happening without increasing
amplitudo.

5. Solution of Angular Dirac Equation for Non-central Potential using
Romanovsky Polynomials
The angular dirac equation with non-central potential given as,

cot 6 aP(H) 1 9%2P(0) 1 1 0%¢(p) v(v+1) _

N [p(e) 90 ' P() 862 ' ¢(@)sin20 g2 ]+ (E+M) (sin29 — 2qcot 9) =4
(31)

Where,

1 9%¢(e) 2

o gz (32)
The solution of equation (32) given as,
¢ = e'™m?e (33)

By msertlng equation (33) into (34) and with A = [(l + 1) we obtain

2
2P + ot 025D (I (& + M) (B — 2qc0t ) — 11+ 1D} P(8) = 0
(34)
By setting cot 6 = x we have,
2+ d2P(6) dpr(6) 2 _ (E+M)2gx  1(1+1) _
(1+x2) TP+ x 2 — fm? + (B + M)v(w + 1) - E22E - 2 p(g) = 0
(35)

By using equation (20) the solution of equation (35) is given as,

ax 0C2
(2 4 1) 5 D(p Q)(x) (2B —at ) aD(p D () lﬁz_ﬁ—7+aﬁx—72—(E+M)2qx—l(l+1) N
(x2+1)
m?+ (E+ Mv(w + 1) — ﬁzl DPD (x) (36)
By comparing equation (36) and equation (10) we obtain,
—§+aﬁ—(E+M)2q=0 (37a)
B2—B-S—11+1) =0 (37h)
2(—p+1)=2(B+1andq = —«a (37¢)
m2+(E+Mvw+1)—p%=nn;—1)+2n,(1 —p) (37d)
2
(63 = e 9

(l(l+1)+ ) \/(l(l+1)+ ) +4q2(E+M)?
The value of g and a obtained from equation (37a) and (37b) are given as,
,8=\/m2+(E+M)v(v+1)—nl—% (38a)

8 Analytical solution of energy eigen value, eigen function...
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- _ (E+M)2q
‘= JmZ+ E+Mv(v+1)-n— (38b)

And the orbital momentum number found from equations (37c), (37d) and (37e)
together with equation (38a) given as,

2
[ = (Jm2+(E+M)v(v+1)+nl+l) - 207 (E+M)* ——= (39)
2 (\/m2+(E+M)v(17+1)+nl+E) 2
By using equation (15) and (20) we can find angular wave function, are showed bellow,
. (E+M)2q tan_l(x)
W(X) — (1 + x2)\/m2+(E+M)V(V+1)—Tll—E e\/m2+(E+M)v(v+1)—nl—% (40)
And
@D,y — pB~D (. 1 ar 2)B p—a tan™1(x)
Dn (.X) = RTL (X) = (1+x2)ﬁe—atan_1(x) axn ((1 + x )ﬁe atan”(x ) (41)
And the result of the wave function of the angular vave function is
Xpy = /(1 + x2)Be-atan () RUF~D () (42)
Some the solving of equation (41) and (42) are
RO(_ﬁOI_aO) =1

X, = /(1 + x2)Be—atan™(x)
R, TP = 2x(B+ 1) — @
Xpy = V(1 +x2)Be-atan™ @ (2x(B + 1) — a)

R, P22 = 4(B + 2)%x2 + 2(B + 2)(1 + x2) — 4(B + 2)x? — 4(B + 2)ax + 2a +
aZ

Xng = J(l + x2)Be-atan™ () (4(B + 2)%x% + 2(B + 2)(1 + x%) — 4(B + 2)x?

—4(B + 2)ax + 2a + a?)
From the solve special function and by using the variation ov value v, g, and E we
can get some angular wave function (Table. 5). The result of angular wave function can
be visualizated on the form of angular wave function (Figure. 3)

Table 5. Polinomial Romanovski and the corelation with angular wave function for non
sentral potential

No nm 7 o E M R, A=) (g) pr

1. 11 0 0 2 1 2 —3cot 8 —3cot 8(1 + cot?6)~125
—3cot 6 (—3cotf — 1.05) 1+

2 t 101 23 1 17 —1.05 cot2) 125105 tan™*(cot 6)
“3cotf  (—3cotf —1.05) 1+

3 11 0 2 -08 1 0.5 +0.27 COtZQ)—l.ZSe0.27tan‘1(cot 0)

4 1 1 1 0 54 1 47 —844coth —8.44cot O(1 + cot20) 212

5. 11 2 0 -1 1 2 —3cot 6 —3cot 6(1 + cot?6)~12>

—9.28cot®  (—9.28cot 0 +1.91) 1+
6 111134 1 4l +1.91 COtZe)—2.32el.91tan_1(cot )

I. Prastyaningrum1, C. Cari, A. Suparmi 9
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7. 11 2 2

-1 1 31

—cot 8
—0.43

(—cot 8 — 0.43)
Cotze)—0.7se—0.43tan_1(cot 0)

a+

The angular wave function can be showed by the picture bellow,

P} =-3cot0(1+ cotzﬂ)_l'25

P} =—-3cot0(1+ cotze)_l'25

Pcoshets)

05 0 0§
Vs

.‘Rl(_ﬂl’_al) = —3cot 6 —1.05

P{,; = (-3cot 6 — 1.05)

(1 + cot? 9)—1-258—1.05 tan~1(cot 6)

Pl,7 = (-3cot § — 1.05)

(1+ cotZG)_l'Zse‘l-"s tan~1(cot 6)

18]
'
05|
o
as
18
i g ] 0 e H

B¢ 0 s
Vil et s

Rl(—ﬁu—“l) =—3cot0+0.27

Ply5 = (—3cot 6 +0.27)

(1 + cot? 0)_1'2580.27tan‘1(cot 9)

Ply5 = (—3cot 6 +0.27)

(1 + cot? 0)_1'25e0.27tan‘1(cot 0)

Figure 3. Visualisation of angular wave function on 3 and 2 dimension with the

variation of u
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Figure 4. Visualisation of angular wave function on 3 and 2 dimension with the
variation of o

The form of angular wave function related with direction of angular momentum and
discribing deppending of probability density to the angular. General definition of
angular wave function same with radial wave function, but both have differences.
Radial wave function about far or near electron from nucleus, if angular wave function
corellation with around of electron.

For the value of m; = 0, electron can be found on the z axis. But for the value m; =
+1, electron can be found on the x and y shape. If m; = 1, the electron counter clock
wise, but if m; = —1 the electron opposite.

The form of angular wave function it influenced by the value of v and q that give
different influence to form of angular wave function. Increasing q value but the v is
constan, the noise that be given by Rosen Morse potential can make smaller wave
function on the x,y, and z direction. But if the increasing v value with the g constan, the
noise that be given by Rosen Morse potential can make biger wave function. If v and g
value not constan, all the wave funtion can be smaller.The changes of angular wave
function to the v and q value explained that the noise from Rosen Morse potential make
change to probability on the angular function, but not influence to the direction of
electron circle.

6. Conclusion
In this paper be explained the numerical solution of Dirac equation for Rosen Morse

potential plus Rosen Morse potential with the centrifugal term in term of Romanovski
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polynomials. The energy spectrum is obtained in the closed form and the wave function
obtained is expressed in terms of Romanovski polynomials. With a little increasing of of
y can make large change of energy eigen value.
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