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Abstract: The case of minimal length is applied for the Klein Gordon 

equation with hyperbolic cotangent potential. The Klein Gordon 

equation for minimal length case is solved used to approximate 

solution. The energy eigenvalue and wave function are investigated by 

the Nikivorof-Uvarof method. 
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1.  Introduction 

In quantum mechanics based on the following deformed commutation relations 

between position and momentum operators in Heisenberg's uncertainty principle was 

called the minimal length. In the case of minimal length was occurring in position 

uncertainty and momentum uncertainty was influenced by a field. The general equation 

was given as (Sprenger, Piero Nicolini, & Bleicher, 2012) and (Garay, 1994) 

  ( )( )2
, 1 MLX P i P +   (1) 

where X was position, P was the corresponding momentum and ML was a minimal 

length parameter that has value 0 1ML  . The minimal length case of the Klein 

Gordon equation had done by Bouaziz (Bouaziz, 2013)  and Merad et al (Merad, 

Zeroual, & Benzair, 2010).  

The Klein Gordon equation is the study of behavior microscopic spin-zero particles 

in relativistic quantum mechanics (Ikhdair & Hamzavi, 2012). The Klein Gordon 

equation has two conditions, which are the scalar potential was equal with vector 

potential ( ) ( )( )S r V r=  and the scalar potential was equal minus vector potential 

( ) ( )( )S r V r= − .  The Klein Gordon equation was given by, 

 ( )( ) ( ) ( )( ) ( )
22 2 2 2, , , , , , , ,oE V r r P c M c S r r        −  = + + 

  
 (2) 
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Where E was relativistic energy and Mo was rest mass. In these two conditions, Klein 

Gordon equation reduces to Schrodinger like equation thus a state solution was obtained 

using methods Supersymmetric Quantum Mechanics (SUSY) (Azizah, Suparmi, & 

Cari, 2018), Nikivorof-Uvarof Method (NU) (Ikhdair S. M., 2011), and Asymptotic 

Iteration Method (AIM). (Elviyanti, Pratiwi, Suparmi, & Cari, 2018), (Suparmi, Cari, & 

Elviyanti, 2017), and (Cari, Suparmi, & Elviyanti, 2017) 

In this study, we solved the scalar potential was equal with the vector potential 

( ) ( )( )S r V r=  condition of the Klein Gordon equation in minimal length case. The 

Klein-Gordon equation of the radial part solution for hyperbolic cotangent function 

potential has been studied. The Nikivorof-Uvarof method has been applied to obtain the 

relativistic energy and wave functions in the minimal length case. The work was 

organized as follows. In Section 2, the Klein Gordon equation for a minimal length case 

was introduced. In Section 3, we described briefly the Nikivorof-Uvarod method which 

was used to solve the Klein Gordon equation in minimal length case. In Section 4, the 

relativistic energy and wave function of the Klein Gordon equation was presented. The 

conclusion of the Klein Gordon equation with minimal length was presented in Section 

5. 

2.  The Klein Gordon equation for minimal length case 

The minimal length equation in (1) can be written by 

 ˆ ˆ
i iX x=  (3) 

 ( )2ˆ ˆ ˆ1i ML iP p p= +  (4) 

By setting ( ) ( ), , , ,S r V r   = in equation (2) and substituting equation (4) into 

equation (2) with p̂ i= −  , 1c = = (natural unit), and ( ) ( )2V r V r→ , we obtained 

 ( ) ( ) ( ) ( )( ) ( )2 2 22 0ML o or E M E M V r r−  −   − − − +  =  (5) 

By substituting a new wave function (Chabab, Batoul, Lahbas, & Oulne, 2016) is 

( ) ( ) ( )1 2 MLr r = +  and using Binomial expansion, equation (5) became, 

 
( )

( ) ( ) ( )

( ) ( )( )
( )

2 2

2
2 2

0
2

o o

ML o o

E M E M V r
r r

E M E M V r

 − − +
  +  =
 − − − +
 

 (6) 

The 
2

ML
 from equation (6) that had very small value, so 2

ML it was ignored. By 

applying spherical Laplacian operator and using variable separation method, so we had 

a radial part,  

 

( )
( ) ( )( )

( ) ( )( ) ( ) ( ) ( )( )
( )

2 2 2

2 2

2 22 2 2 2 2

11

0

2 2

o o

ML o o o o

L L
r E M E M V r

r r r r U r

E M E M E M V r E M V r

 +  
− + − − +  

    =
 
− − − − + + + 
 

 (7) 
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Equation (7) was an approximate solution for the radial part of the Klein Gordon 

equation with the minimal length case. 

3.  The Nikivorof-Uvarof Method 

The Nikivorof-Uvarof method is used to solve the second-order differential equation 

of hypergeometry type. The method can be written (Goudarzi & Vahidi, 2011) and 

(Okon & Popoola, 2015) 

 
2

2 2

( ) ( )
0

( ) ( )

d z d z

dz z dz z

   


 
+ + =  (8) 

Where ( )z  is first-order polynomial, ( ) and ( )z z  are second-order polynomial, as 

follow 

 

2

2

( )

( )

( )

z ax bx c

z fx gx h

z dx e







= + +

= + +

= +

 (9) 

By the general solution ( ) ( ) ( )z z y z = into equation , we obtain a hypergeometry type 

Goudarzi, Deta, ituen. 

 
2

2
0

y y
y

z z
  
 

+ + =
 

 (10) 

The function ( )z  is a logarithmic derivative, as defined  

 
' 

 
=  (11) 

The function ( )z is a polynomial with the parameter z. The function ( )z  and 

parameter   as follows Goudarzi, Deta, ituen), 

 

2
' '( ) ( ) ( ) ( )

( ) ( )
2 2

z z z z
z k z

   
  

 − −
=  − + 

 
 (12) 

 'k = +  (13) 

The value of k is expression under the square root must be square of a polynomial, and 

then obtain a new eigenvalue equation, 

 ' ''( 1)

2
n

n n
n   

−
= = − −  (14) 

Where 1,2,3,...n = and 2  = + .  By the equation and can get energy eigenvalue. The 

function ( )y z is the hypergeometry type can be solved by using Rodrigues relation, 

 ( )( ) ( ) (z)
(z)

n
nn

n n

C d
y z z

dz
 


=  (15) 

with nC  is normalization constant and (z) is the weight function as follow, 

 
( )

( ) ( )z z
z


 


=


 (16) 
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By the general solution ( ) ( ) ( )z z y z = , can be obtained from the wave function of 

system Goudarzi, Deta, ituen). 

4.  The Result and Discussion 

By applying the hyperbolic cotangent potential (cari) [24] was given as 

 ( ) ( )cothoV r V r=  (17) 

where oV  was constant of potential and   was a range of potential. Then equation (17) 

and by the centrifugal approximation 
( )2 2

1

sinhr r




=  into equation (7), we obtained 

 

( )
( ) ( )( ) ( )

( ) ( ) ( )

( )( ) ( )( )
( )

2
2 2 2

2

2 22 2 2 2 2

2 2

1 2 csch

0
2 2

4 coth

ML o o

o ML o ML o o

ML o o o o

d U r
L L E M V rU r

dr

E M E M E M V
U r

E M E M E M V r

 

 

 

 
− + + + 

 
=  − − − − +

  +
   + − + − +   

 (18) 

By setting coth r s = in equation (18), we have 

 

( ) ( )

( )

( ) ( )

( )
( )

( )
( )

( )
( )

2 22

2 22 2 2

2 2
2 2

2 1 1

1 1
0

1

1 1

s s sd U r dU r
A U r

ds dss s

s
B U r C U r

s s



 

 − −
 + +
 − −

= 
 
+ + 

− −  

 (19) 

With 

 
( ) ( )( )2 2

2

1 2 ML o oL L E M V
A





+ + +
=  (20) 

 
( )( ) ( )( )2 2

2

4 ML o o o oE M E M E M V
B





− + − +
=  (21) 

 
( ) ( ) ( )( )2 22 2 2 2 2

2

2 2o ML o ML o oE M E M E M V
C

 



− − − − +
=  (22) 

The equation (19) was a differential equation that had to be reduced to the Nikivorof-

Uvarof method equation type.  From equation (19) can be parameters Nikivorof-Uvarof 

method, as follows 

 ( ) 2s s = −  (23) 

 ( ) 21s s = −  (24) 

 ( ) ( )21s A s B s C   = − + +  (25) 

By equation (12), we had 

 ( ) ( )2

1,2 A k s B s k A C    =  − − + − −  (26) 

By setting 20 or 4 0D b ac= − = , the value of k was given 
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2 2

1
2

C B C
k A

  



− −
= +  (27) 

 

2 2

2
2

C B C
k A

  



− − −
= +  (28) 

The equation (27) and (28) was inserted by equation (26), we had two conditions and 

one of these solutions satisfied bound state condition which is 

 

2 2

1
2 22

C C B B
s

C C B

   

  


 − − −
 = − +
 − − 

 (29) 

Then by equation (13), we obtained 

 

2 2

1
2 2

2 2
2

C C B B
s z

C C B

   

  



  − − −  = − + − +
  − −   

 (30) 

 ( )
2 2

' 2 2
2

C C B
s

  


− −
= − −  (31) 

By applying equation (13)-(14) and (29)-(31), we had  

 ( )

( )

( )

( ) ( )

2 2 2

2

2 2

2 22 2 2

1 2

1

2 2

l

o

ML o ML o o

A n C B n

nE M

E M E M V

  

 

  + − − −
  

−  − =  
 
 + − + +
 

 (32) 

The equation (32) was the energy eigenvalue equation of the Klein Gordon equation for 

minimal length case. For calculating the wave function, we used a general solution

( ) ( ) ( )z z y z = . By using equation (11) we obtained 

 ( ) ( ) ( ) ( )
1

1 1
2 2 4 4 1 1 1

p B B

p ps s s s
 


−

= − + −  (33) 

The function y(z) was found from the calculation of weight function in equation (16), so 

we had 

 ( ) ( ) ( ) ( )
1

1 1
2

2 21 1 1
B B

p
p ps s s s
 


−

= − + −  (34) 

So the function as follows 

 ( )
( ) ( )

( )( ) ( )

1 1
1 1

1 1
1 1

2 2

2
2 2

1 1

1 1 1

B B
p p

p p
n

n B Bn
p p

p p
n

C s s

y s
d

s s s
ds

 

 

− + − −

+ −

 
+ − 

=  
 

 − + − 
   

 (35) 

with 

2 2

1
2

C C B
p

  − −
= . The equation (35) can be expressed Jacoby polynomial is 

given 

 ( ) ( ) ( ) ( ), ,1 2 !
n n

n n n ny s n P s B P s   = − =  (36) 

With 
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( )
( ) ( ) ( ) ( ) ( )2

1

1

1

1

1
1 1 1 1 1

2 !

2

2

n
n

n n n

d
P z z z z z

n dz

B
p

p

B
p

p

   









− −−
= − + − + −

= − +

= − −

 (37) 

So we have 

 ( ) ( ) ( ) ( )
1 1

1 1
,

2 4 2 41 coth 1 coth coth
B Bp p

p p
n ns B r r P r

 
    

+ − 
= + − 

 
 (38) 

Bn is normalization constant. The equation (38) was wave function of the Klein Gordon 

equation in minimal length case using the Nikiforof-Uvarof method. For the example 

wave function n=0, n=1 and n=2, was given by  

 ( ) ( ) ( )
1 1

1 12 4 2 4
0 0 1 coth 1 coth

B Bp p

p ps B r r
 

  
+ − 

= + − 
 

 (39) 

 ( )
( ) ( )

( ) ( ) ( )( ) 

1 1

1 12 4 2 4
1

1

1 12

1 coth 1 coth

1
1 coth 1 coth 1 coth 2coth

2

B Bp p

p pB r r

s

r r r r

 

 



     

+ −

−

  
+ −  

  =
 

− − − + + 
 

 (40) 

 ( )

( ) ( )

( ) ( )( ) ( )( ) 
( )

( )

1 1

1 12 4 2 4
2

2 1 12

2

1

2

1

1 coth 1 coth

1 coth 1 1 coth 1 1 coth

1
2 coth 1 coth

8 2 8coth
2 coth 1 coth

B Bp p

p pB r r

r r rs

r r
s r

r r

 

 

      

  


   

+ −

−

−

−

  
+ −  

  
  − − − + − + =  
    +  

− +   
+ − +      

 (41) 

5.  Conclusion 

We investigated the Klein Gordon equation for the minimal length case. It influenced 

by hypergeometric cotangent potential using the Nikivorof-Uvarof method. Nikiforov-

Uvarof method was used to obtain the energy eigenvalue and wave functions. The 

energy eigenvalue of the Klein Gordon equation for minimal length case corresponding 

minimal length parameter and potential constant. The wave function was obtained in 

terms of the Jacobi polynomials. 
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