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Abstract: Electron–water (H2O) molecule scattering under the influence of 

laser and thermal fields is a fundamental process in atomic and molecular 

physics, with significant implications for radiation chemistry, photonics, and 

quantum control. The interaction of electrons with H2O in the presence of an 

external laser field modifies the scattering dynamics by introducing additional 

energy and momentum channels, while thermal effects influence electron 

oscillations and resonance behavior. Understanding these combined effects is 

essential for accurately predicting differential cross-sections (DCS) and 

controlling scattering probabilities in experimental and applied settings, 

including laser-assisted spectroscopy, nanostructure interactions, and 

thermally tunable quantum devices. The aim of this work is to study the nature 

of electron-H2O in presence of laser and heat using scattering technique. For 

this we design a theorical model which include thermal wave function, 

potential of water molecules, S-matrix, Besel function and Kroll-Watson 

approximation for DCS. The developed model was computed used 

temperature (293–300 K), scattering angles (0.057°–57°), momentum transfer 

(0.3–1 eV), distance separation (1–1.5 Å), field strength (0.3–5 a.u.), relative 

field strength (0.5–2.5 a.u.), electron conductivity (0.1–15 a.u.), polarization 

(linear, circular, elliptical), and Bessel function order. The computed result 

shows thermal effects enhance DCS compared to non-thermal conditions (0 

K), with resonances observed at specific energies (0.25–1 eV). Higher 

scattering angles produce larger DCS, while lower angles generate sharper 

resonances with damping-like behavior. Elliptical polarization yields the 

highest DCS, followed by circular and linear. Distance separation and electron 

conductivity modulate constructive and destructive interference patterns, 

whereas higher-order Bessel functions stabilize DCS, indicating equilibrium 

between electrostatic interaction and particle rest energy. These findings 

suggest that controlled temperature and field parameters can manipulate 

scattering probability in thermal systems.  

Keywords: Electron–water, scattering, differential cross-sections, S-matrix, 

Besel function and Kroll-Watson approximation 
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1.  Introduction  

Electron collisions with atoms, molecules, and surface targets serve as crucial tools for 

probing and understanding processes in laboratory plasmas, astrophysics, and laser-

driven systems (Bartschat et al., 2014). Gaining insight into the electronic structure of 

atoms and molecules is essential across physics, chemistry, and biology, where electron-

impact ionization provides valuable information (De Avillez et al., 2019). One of the 

fundamental collision processes is the (e, 2e) reaction, in which an incident electron 

ionizes a target by ejecting a bound electron and subsequently scattering. The momenta 

of both the ejected and scattered electrons can be fully resolved experimentally, offering 

comprehensive data about the interaction (Campeanu et al., 2018). Complete 

characterization of such processes is given by the triple differential cross-section (TDCS), 

which describes the probability of detecting outgoing electrons with specific momenta. 

Over the years, significant progress has been made in measuring and theoretically 

modeling TDCS for various atomic and molecular systems (Colgan et al., 2002). In recent 

decades, laser-assisted electron collisions have received increasing attention due to their 

fundamental interest and applications in plasma physics and astrophysics, where 

scattering cross-section information is critical (Ehlotzky, 2001). Early theoretical 

approaches often ignored the dressing effects of the target, but these were later included 

by describing final states using Volkov or Coulomb-Volkov wavefunctions, revealing 

notable variations in differential cross-sections (Zarcone et al., 1983). A wide range of 

studies has since examined both single and double ionization of atomic targets under 

laser-assisted electron impact (Khalil et al., 1997). 

Although significant studies have explored laser-assisted electron collisions and (e,2e) 

processes in atomic and molecular targets, research on electron–water scattering under 

combined laser and thermal effects remains limited. Most theoretical models focus on 

zero-temperature or monochromatic field conditions, neglecting the influence of finite 

temperatures on scattering dynamics. Additionally, the role of non-monochromatic laser 

fields and thermal oscillations in modifying DCS, resonance behavior, and interference 

patterns in electron–H₂O collisions is not well understood. Addressing these gaps is 

essential for accurately predicting scattering probabilities and for controlling electron–

molecule interactions in thermal and applied laser-driven systems. 

2.  Methods and Materials  

The off-shell LFA for potential scattering in a strong linearly polarized monochromatic 

laser field was derived in appendix A of paper M. This theory can be easily generalized 

to a laser field with an arbitrary vector potential A(t). The only condition which A(t) 

should satisfy is the 2π/ω-periodicity, where ω is the fundamental harmonic frequency. 

For example, the vector potential of a N-color elliptically polarized laser field has the 

form (Milosevic, 1996) 

A(t) = A0 ∑ 𝑎𝑛[Λ1n cos(𝑛𝜔𝑡 + 𝜑𝑛) + Λ2n sin(𝑛𝜔𝑡 + 𝜑𝑛)]

𝑁

𝑛=1

                        (1) 
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where 𝑎𝑛, 𝑛𝜔 and 𝜑𝑛 are the relative amplitude (a is the ratio of field strength) (Luo et 

al., 2017), frequency and phase (phase ϕ = 0,π/4,π/2, 3π/4 and π) of the nth vector potential 

component. The polarization of the nth component is defined by the vectors 𝛬1𝑛 =

 𝑒̂1𝑐𝑜𝑠𝜁𝑛 and 𝛬2𝑛 = 𝑒̂2𝑠𝑖𝑛𝜁𝑛. For 𝜁𝑛 = 0 the nth component is linearly polarized, while 

for 𝜁𝑛 =
𝜋

4
 the polarization is circular. A0 is equal field amplitude (Ehlotzky, 2001; Batra 

et al., 2024).  The most notable gauges in strong-field physics beyond the dipole 

approximation are the Lorentz-gauge and the Coulomb gauge (Maurer & Keller, 2021; 

Kurmi et al., 2025). 

 

𝜒 (𝑟, 𝑡) =  
1

(2𝜋)3/2
𝑒𝑥𝑝 {𝑖

𝑝

ℎ
. (𝑟 +

𝑒

𝑚
∫ 𝑨(𝑡′)𝑑𝑡′) − 𝑖

𝐸

ℏ
𝑡 − 𝑖

𝑒2

 2𝑚ℏ
∫ 𝑨2(𝑡′) 𝑑𝑡′} (2) 

Substituting value of A from equation (1) and solving we get 

𝜒(𝑟, 𝑡)  =  
1

(2𝜋)3/2
𝑒𝑥𝑝 {(𝑖𝒑. 𝒓 + ∑

𝑖𝑎𝑛𝛼0𝑝 sin(𝑛𝜔𝑡 + 𝜑𝑛 − 𝛾)

𝑛

𝑁

𝑛=1

) − 𝑖𝐸𝑡

− 𝑖
𝛼0

 4
∑

𝒂𝑛

𝑛

𝑁

𝑛=1

[Λ1n
2 {𝑛𝜔𝑡 +

sin(2𝑛𝜔𝑡 + 2𝜑𝑛)

2
}

− Λ2nΛ1n cos(2(𝑛𝜔𝑡 + 𝜑𝑛)) + Λ2n
2 {𝑛𝜔𝑡 −

sin(2𝑛𝜔𝑡 + 2𝜑𝑛)

2
}]}   (3)   

For thermal case we use superposition for thermal and laser field electron and an 

expression is desing as,  

𝜒 (𝑟, 𝑡)  =  
1

(2𝜋)3/2
𝑒𝑥𝑝 {(𝑖𝒑. 𝒓 + ∑

𝑖𝑎𝑛𝛼0𝑝 sin(𝑛𝜔𝑡 + 𝜑𝑛 − 𝛾)

𝑛

𝑁

𝑛=1

) − 𝑖𝐸𝑡

− 𝑖
𝛼0

 4
∑

𝒂𝑛

𝑛

𝑁

𝑛=1

[Λ1n
2 {𝑛𝜔𝑡 +

sin(2𝑛𝜔𝑡 + 2𝜑𝑛)

2
}

− Λ2nΛ1n cos(2(𝑛𝜔𝑡 + 𝜑𝑛)) + Λ2n
2 {𝑛𝜔𝑡 −

sin(2𝑛𝜔𝑡 + 2𝜑𝑛)

2
}]}    

− 𝑘𝑒∇Texp(iωeTt)                                                                                  (4)   

Since the complex conjugate of last term is zero so we neglect it and solving equation 

(4) with assuming  
𝑒̂2.𝒑 

𝑒̂1.𝒑 
tan 𝜁𝑛 = tan 𝛾 => tan 𝜃 tan 𝜁𝑛 and 𝛾 => tan−1(tan 𝜃 tan 𝜁𝑛) 

(Dhobi et al., 2025a) we get , 

𝜒𝐸 (𝑟, 𝑡)  

=  
1

(2𝜋)3/2
𝑒𝑥𝑝 {(𝑖𝒑. 𝒓 + ∑

𝑖𝑎𝑛𝛼0𝑝 sin(𝑛𝜔𝑡 + 𝜑𝑛 − 𝛾)

𝑛

𝑁

𝑛=1

) − 𝑖𝐸𝑡}   

− 𝑘𝑒∇Texp(iωeTt)                                                                                                                        (5) 

Now to calculate the scattering  matrix we have  

𝑆𝑓𝑖 = 𝛿𝑓𝑖 −
𝑖

ħ
∫ ⟨𝜒𝑓(𝑟, 𝑡)|𝑉(𝑟)|𝜒𝑖(𝑟, 𝑡)⟩

+∞

−∞

𝑑𝑡                                        (6) 
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Now putting the value form equation (5) and from equation (6) for spherical coordinate 

system we have 

𝑆 = 𝛿𝑓𝑖 − ∫ ∫ [
1

(2𝜋)3/2
𝑒𝑥𝑝 {(−𝑖𝒑𝒇. 𝒓 − ∑

𝑖𝑎𝑛𝛼0𝑝𝑓 sin(𝑛𝜔𝑡 + 𝜑𝑛 − 𝛾)

𝑛

𝑁

𝑛=1

) + 𝑖𝐸𝑓𝑡}   

− 𝑘𝑒𝑓∇Tfexp(−iωeTft)] V(r) [
1

(2𝜋)3/2
𝑒𝑥𝑝 {(𝑖𝒑𝒊. 𝒓 

+ ∑
𝑖𝑎𝑛𝛼0𝑝𝑖 sin(𝑛𝜔𝑡 + 𝜑𝑛 − 𝛾)

𝑛

𝑁

𝑛=1

) − 𝑖𝐸𝑖𝑡}   

− 𝑘𝑒𝑖∇Tiexp (iωeTit)] 𝑑3𝑟𝑑𝑡                                                                         (7) 

𝑆 = 𝛿𝑓𝑖 − ∫ ∫
1

(2𝜋)2
𝑒𝑥𝑝 {(−𝑖𝑞𝑟𝑐𝑜𝑠𝜃 − ∑

𝑖𝑎𝑛𝛼0𝑞 sin(𝑛𝜔𝑡 + 𝜑𝑛 − 𝛾)

𝑛

𝑁

𝑛=1

)

+ 𝑖Δ𝐸𝑡}  V(r)𝑑3𝑟𝑑𝑡

+ ∫ ∫ 𝑘𝑒𝑖∇Ti exp(iωeTit) 𝑒𝑥𝑝 {(−𝑖𝑝𝑓𝑟𝑐𝑜𝑠𝜃

− ∑
𝑖𝑎𝑛𝛼0𝑝𝑓 sin(𝑛𝜔𝑡 + 𝜑𝑛 − 𝛾)

𝑛

𝑁

𝑛=1

) + 𝑖𝐸𝑓𝑡} V(r)𝑑3𝑟𝑑𝑡

+ ∫ ∫
𝑘𝑒𝑓∇Tfexp(−iωeTft)

(2𝜋)3/2
𝑒𝑥𝑝 {(𝑖𝑝𝑖𝑟𝑐𝑜𝑠𝜃 

+ ∑
𝑖𝑎𝑛𝛼0𝑝𝑖 sin(𝑛𝜔𝑡 + 𝜑𝑛 − 𝛾)

𝑛

𝑁

𝑛=1

) − 𝑖𝐸𝑖𝑡} V(r)𝑑3𝑟𝑑𝑡

− ∫ ∫ 𝑘𝑒𝑓𝑘𝑒𝑖∇Tf∇Tiexp (iωeTit − iωeTft)V(r)𝑑3𝑟𝑑𝑡                         (8) 

Where, 𝑝𝑓 − 𝑝𝑖 = 𝑞 , Δ𝐸 = 𝐸𝑓 − 𝐸𝑖, As we have for N=1 and applying Besel function 

to equation (8) like equation (9) to other assuming 𝑐𝑛 = −
𝑎𝑛𝛼0𝑞

𝑛
, 𝑐𝑛𝑓 = −

𝑎𝑛𝛼0𝑓𝑓

𝑛
, 𝑐𝑛𝑖 =

𝑎𝑛𝛼0𝑝𝑖

𝑛
  

𝑒𝑖𝑧 sin(𝜃) = ∑ 𝐽𝑚(𝑧)𝑒𝑖𝑚𝜃

∞

𝑚

                                                                        (9) 

From equation (9) and equation (8) we have  
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𝑆 = 𝛿𝑓𝑖 − ∫ ∫
1

(2𝜋)2
𝑒𝑥𝑝{−𝑖𝑞𝑟𝑐𝑜𝑠𝜃

+ 𝑖Δ𝐸𝑡} ∑ 𝐽𝑚(𝑐𝑛𝑓)

∞

𝑚

𝑒∑ 𝑖𝑚(𝑛𝜔𝑡+𝜑𝑛−𝛾) 𝑁
𝑛=1 V(r)𝑑3𝑟𝑑𝑡

+ ∫ ∫ 𝑘𝑒𝑖∇Ti exp(iωeTit) 𝑒𝑥𝑝{−𝑖𝑝𝑓𝑟𝑐𝑜𝑠𝜃

+ 𝑖𝐸𝑓𝑡} ∑ 𝐽𝑚(𝑐𝑛𝑓)

∞

𝑚

𝑒∑ 𝑖𝑚(𝑛𝜔𝑡+𝜑𝑛−𝛾) 𝑁
𝑛=1 V(r)𝑑3𝑟𝑑𝑡

+ ∫ ∫
𝑘𝑒𝑓∇Tfexp(−iωeTft)

(2𝜋)3/2
𝑒𝑥𝑝{𝑖𝑝𝑖𝑟𝑐𝑜𝑠𝜃

− 𝑖𝐸𝑖𝑡} ∑ 𝐽𝑚(𝑐𝑛𝑖)

∞

𝑚

𝑒∑ 𝑖𝑚(𝑛𝜔𝑡+𝜑𝑛−𝛾) 𝑁
𝑛=1 V(r)𝑑3𝑟𝑑𝑡

− ∫ ∫ 𝑘𝑒𝑓𝑘𝑒𝑖∇Tf∇Tiexp (iωeTit − iωeTft)V(r)𝑑3𝑟𝑑𝑡             (10) 

Also, assuming  ∑ 𝑛𝜔 𝑁
𝑛=1 = 𝜔𝑝,  expand Δ𝐸 = 𝐸𝑓 − 𝐸𝑖 from equation (10) we have  

𝑆 = 𝛿𝑓𝑖 − 𝑒∑ 𝑖(𝜑𝑛−𝛾) 𝑁
𝑛=1 𝐽1(𝑐𝑛𝑓) ∫ ∫

1

(2𝜋)2
𝑒−𝑖𝑞𝑟𝑐𝑜𝑠𝜃 𝑒𝑖(𝐸𝑓+𝜔𝑝−𝐸𝑖)𝑡V(r)𝑑3𝑟𝑑𝑡

+ 𝑒∑ 𝑖(𝜑𝑛−𝛾) 𝑁
𝑛=1 𝐽1(𝑐𝑛𝑓)𝑘𝑒𝑖∇Ti ∫ ∫ 𝑒𝑖(ωeTi+𝐸𝑓+𝜔𝑝)𝑡𝑒−𝑖𝑝𝑓𝑟𝑐𝑜𝑠𝜃V(r)𝑑3𝑟𝑑𝑡

+ 𝑒∑ 𝑖(𝜑𝑛−𝛾) 𝑁
𝑛=1 𝐽1(𝑐𝑛𝑖)𝑘𝑒𝑓∇Tf ∫ ∫

e𝑖(−ωeTf−𝐸𝑖+𝜔𝑝)𝑡

(2𝜋)3/2
𝑒𝑖𝑝𝑖𝑟𝑐𝑜𝑠𝜃V(r)𝑑3𝑟𝑑𝑡

− 𝑘𝑒𝑓𝑘𝑒𝑖∇Tf∇Ti ∫ ∫ ei(ωeTit−iωeTf)t V(r)𝑑3𝑟𝑑𝑡                                    (11) 

Taking Dirac dela for time integral from equation (11) we have  

𝑆 = 𝛿𝑓𝑖 − 𝑒∑ 𝑖(𝜑𝑛−𝛾)𝑁
𝑛=1 𝐽1(𝑐𝑛𝑓)2𝜋𝛿(𝐸𝑓 + 𝜔𝑝 − 𝐸𝑖)

1

(2𝜋)2
∫ 𝑒−𝑖𝑞𝑟𝑐𝑜𝑠𝜃 V(r)𝑑3𝑟

+ 𝑒∑ 𝑖(𝜑𝑛−𝛾)𝑁
𝑛=1 𝐽1(𝑐𝑛𝑓)𝑘𝑒𝑖∇Ti𝛿(ωeTi + 𝐸𝑓 + 𝜔𝑝) ∫ ∫ 𝑒−𝑖𝑝𝑓𝑟𝑐𝑜𝑠𝜃V(r)𝑑3𝑟

+
1

(2𝜋)3/2
𝑒∑ 𝑖(𝜑𝑛−𝛾)𝑁

𝑛=1 𝐽1(𝑐𝑛𝑖)𝑘𝑒𝑓∇Tf2𝜋𝛿(𝜔𝑝 − ωeTf

− 𝐸𝑖) ∫ 𝑒𝑖𝑝𝑖𝑟𝑐𝑜𝑠𝜃V(r)𝑑3𝑟

− 𝑘𝑒𝑓𝑘𝑒𝑖∇Tf∇Ti2𝜋δ(ωeTit − iωeTf) ∫ V(r)𝑑3𝑟                                  (12) 
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𝑆 = 𝛿𝑓𝑖 − 𝑒∑ 𝑖(𝜑𝑛−𝛾)𝑁
𝑛=1 𝐽1(𝑐𝑛𝑓)2𝜋𝛿(𝐸𝑓 + 𝜔𝑝

− 𝐸𝑖)
2𝜋

𝑖𝑞(2𝜋)2
∫(𝑒−𝑖𝑞𝑟𝑐𝑜𝑠𝜃 − 𝑒−𝑖𝑞𝑟) V(r)𝑟 𝑑𝑟

+ 𝑒∑ 𝑖(𝜑𝑛−𝛾)𝑁
𝑛=1 𝐽1(𝑐𝑛𝑓)𝑘𝑒𝑖∇Ti𝛿(ωeTi + 𝐸𝑓

+ 𝜔𝑝)
2𝜋

𝑖𝑝𝑓
∫(𝑒−𝑖𝑝𝑓𝑟𝑐𝑜𝑠𝜃 − 𝑒−𝑖𝑝𝑓𝑟)V(r)𝑟𝑑𝑟

+
1

(2𝜋)3/2
𝑒∑ 𝑖(𝜑𝑛−𝛾)𝑁

𝑛=1 𝐽1(𝑐𝑛𝑖)𝑘𝑒𝑓∇Tf2𝜋𝛿(𝜔𝑝 − ωeTf

− 𝐸𝑖)
2𝜋

𝑖𝑝𝑖
 ∫(𝑒𝑖𝑝𝑖𝑟 − 𝑒𝑖𝑝𝑖𝑟𝑐𝑜𝑠𝜃)V(r)𝑟𝑑𝑟

− 𝑘𝑒𝑓𝑘𝑒𝑖∇Tf∇Ti2𝜋δ(ωeTit − iωeTf)2𝜋(1 − 𝑐𝑜𝑠𝜃) ∫ V(r)𝑟2𝑑𝑟        (13) 

Now taking the potential 𝑉(𝑟) [−
8

𝑟
−

1

|𝑟−𝑅𝑂𝐻1
|

−
1

|𝑟−𝑅𝑂𝐻2
|
+ ∑

1

|𝑟−𝑟𝑖|
10
𝑖=𝑖 ] and solving the 

radial part, from equation (13) we have  

∫(𝑒−𝑖𝑞𝑟𝑐𝑜𝑠𝜃 − 𝑒−𝑖𝑞𝑟) V(r)𝑟 𝑑𝑟

=
8

𝑖𝑞
(𝑒−𝑖𝑞𝑟 −

𝑒−𝑖𝑞𝑟𝑐𝑜𝑠𝜃

𝑐𝑜𝑠𝜃
)

− [𝑅𝑂𝐻1
 𝑒−𝑖𝑅𝑂𝐻1𝑞𝑐𝑜𝑠𝜃𝐸𝑖 (𝑖𝑞𝑐𝑜𝑠𝜃[𝑅𝑂𝐻1

− 𝑟]) +
𝑖𝑒−𝑖𝑅𝑂𝐻1𝑞𝑐𝑜𝑠𝜃

𝑞𝑐𝑜𝑠𝜃

− 𝑅𝑂𝐻1
 𝑒−𝑖𝑅𝑂𝐻1𝑞𝐸𝑖 (𝑖𝑞[𝑅𝑂𝐻1

− 𝑟])
𝑖𝑒−𝑖𝑅𝑂𝐻1𝑞

𝑞
] 

− [𝑅𝑂𝐻2
 𝑒−𝑖𝑅𝑂𝐻2𝑞𝑐𝑜𝑠𝜃𝐸𝑖 (𝑖𝑞𝑐𝑜𝑠𝜃[𝑅𝑂𝐻2

− 𝑟]) +
𝑖𝑒−𝑖𝑅𝑂𝐻2𝑞𝑐𝑜𝑠𝜃

𝑞𝑐𝑜𝑠𝜃

− 𝑅𝑂𝐻2
 𝑒−𝑖𝑅𝑂𝐻2𝑞𝐸𝑖 (𝑖𝑞[𝑅𝑂𝐻2

− 𝑟])
𝑖𝑒−𝑖𝑅𝑂𝐻2𝑞

𝑞
]

+ ∑ [𝑟𝑖 𝑒−𝑖𝑟𝑖𝑞𝑐𝑜𝑠𝜃𝐸𝑖 (𝑖𝑞𝑐𝑜𝑠𝜃[𝑟𝑖 − 𝑟]) +
𝑖𝑒−𝑖𝑟𝑖𝑞𝑐𝑜𝑠𝜃

𝑞𝑐𝑜𝑠𝜃

10

𝑖=𝑖

− 𝑟𝑖  𝑒−𝑖𝑟𝑖𝑞𝐸𝑖 (𝑖𝑞[𝑟𝑖 − 𝑟])
𝑖𝑒−𝑖𝑟𝑖𝑞

𝑞
]                                            (13𝑎) 
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∫(𝑒−𝑖𝑝𝑓𝑟𝑐𝑜𝑠𝜃 − 𝑒−𝑖𝑝𝑓𝑟)V(r)𝑟𝑑𝑟

=
8

𝑖𝑝𝑓
(𝑒−𝑖𝑝𝑓𝑟 −

𝑒−𝑖𝑝𝑓𝑟𝑐𝑜𝑠𝜃

𝑐𝑜𝑠𝜃
)

− [𝑅𝑂𝐻1
 𝑒−𝑖𝑅𝑂𝐻1𝑝𝑓𝑐𝑜𝑠𝜃𝐸𝑖 (𝑖𝑝𝑓𝑐𝑜𝑠𝜃[𝑅𝑂𝐻1

− 𝑟]) +
𝑖𝑒−𝑖𝑅𝑂𝐻1𝑝𝑓𝑐𝑜𝑠𝜃

𝑝𝑓𝑐𝑜𝑠𝜃

− 𝑅𝑂𝐻1
 𝑒−𝑖𝑅𝑂𝐻1𝑝𝑓𝐸𝑖 (𝑖𝑝𝑓[𝑅𝑂𝐻1

− 𝑟])
𝑖𝑒−𝑖𝑅𝑂𝐻1𝑝𝑓

𝑝𝑓
]  

− [𝑅𝑂𝐻2
 𝑒−𝑖𝑅𝑂𝐻2𝑝𝑓𝑐𝑜𝑠𝜃𝐸𝑖 (𝑖𝑝𝑓𝑐𝑜𝑠𝜃[𝑅𝑂𝐻2

− 𝑟]) +
𝑖𝑒−𝑖𝑅𝑂𝐻2𝑝𝑓𝑐𝑜𝑠𝜃

𝑝𝑓𝑐𝑜𝑠𝜃

− 𝑅𝑂𝐻2
 𝑒−𝑖𝑅𝑂𝐻2𝑝𝑓𝐸𝑖 (𝑖𝑝𝑓[𝑅𝑂𝐻2

− 𝑟])
𝑖𝑒−𝑖𝑅𝑂𝐻2𝑝𝑓

𝑝𝑓
]

+ ∑ [𝑟𝑖 𝑒
−𝑖𝑟𝑖𝑝𝑓𝑐𝑜𝑠𝜃𝐸𝑖 (𝑖𝑝𝑓𝑐𝑜𝑠𝜃[𝑟𝑖 − 𝑟]) +

𝑖𝑒−𝑖𝑟𝑖𝑝𝑓𝑐𝑜𝑠𝜃

𝑝𝑓𝑐𝑜𝑠𝜃

10

𝑖=𝑖

− 𝑟𝑖 𝑒−𝑖𝑟𝑖𝑝𝑓𝐸𝑖 (𝑖𝑝𝑓[𝑟𝑖 − 𝑟])
𝑖𝑒−𝑖𝑟𝑖𝑝𝑓

𝑝𝑓
]                                         (13𝑏) 

∫(𝑒−𝑖𝑝𝑖𝑟𝑐𝑜𝑠𝜃 − 𝑒−𝑖𝑝𝑖𝑟)V(r)𝑟𝑑𝑟

=
8

𝑖𝑝𝑖
(𝑒−𝑖𝑝𝑖𝑟 −

𝑒−𝑖𝑝𝑖𝑟𝑐𝑜𝑠𝜃

𝑐𝑜𝑠𝜃
)

− [𝑅𝑂𝐻1
 𝑒−𝑖𝑅𝑂𝐻1𝑝𝑖𝑐𝑜𝑠𝜃𝐸𝑖 (𝑖𝑝𝑖𝑐𝑜𝑠𝜃[𝑅𝑂𝐻1

− 𝑟]) +
𝑖𝑒−𝑖𝑅𝑂𝐻1𝑝𝑖𝑐𝑜𝑠𝜃

𝑝𝑖𝑐𝑜𝑠𝜃

− 𝑅𝑂𝐻1
 𝑒−𝑖𝑅𝑂𝐻1𝑝𝑖𝐸𝑖 (𝑖𝑝𝑖[𝑅𝑂𝐻1

− 𝑟])
𝑖𝑒−𝑖𝑅𝑂𝐻1𝑝𝑖

𝑝𝑖
]  

− [𝑅𝑂𝐻2
 𝑒−𝑖𝑅𝑂𝐻2𝑝𝑖𝑐𝑜𝑠𝜃𝐸𝑖 (𝑖𝑝𝑖𝑐𝑜𝑠𝜃[𝑅𝑂𝐻2

− 𝑟]) +
𝑖𝑒−𝑖𝑅𝑂𝐻2𝑝𝑖𝑐𝑜𝑠𝜃

𝑝𝑖𝑐𝑜𝑠𝜃

− 𝑅𝑂𝐻2
 𝑒−𝑖𝑅𝑂𝐻2𝑝𝑖𝐸𝑖 (𝑖𝑝𝑖[𝑅𝑂𝐻2

− 𝑟])
𝑖𝑒−𝑖𝑅𝑂𝐻2𝑝𝑖

𝑝𝑖
]

+ ∑ [𝑟𝑖 𝑒−𝑖𝑟𝑖𝑝𝑖𝑐𝑜𝑠𝜃𝐸𝑖 (𝑖𝑝𝑖𝑐𝑜𝑠𝜃[𝑟𝑖 − 𝑟]) +
𝑖𝑒−𝑖𝑟𝑖𝑝𝑖𝑐𝑜𝑠𝜃

𝑝𝑖𝑐𝑜𝑠𝜃

10

𝑖=𝑖

− 𝑟𝑖 𝑒−𝑖𝑟𝑖𝑝𝑖𝐸𝑖 (𝑖𝑝𝑖[𝑟𝑖 − 𝑟])
𝑖𝑒−𝑖𝑟𝑖𝑝𝑖

𝑝𝑖
]                                                   (13𝑐) 

∫ V(r)𝑟2𝑑𝑟 = −4𝑟2 − [
𝑟2

2
+ 𝑅𝑂𝐻1

𝑟 + 𝑅𝑂𝐻1

2 log(𝑟 − 𝑅𝑂𝐻1
)]

− [
𝑟2

2
+ 𝑅𝐻𝑂2

𝑟 + 𝑅𝑂𝐻2

2 log(𝑟 − 𝑅𝑂𝐻2
)]

+ [∑
𝑟2

2
+ 𝑟𝑖𝑟 + 𝑟𝑖

2 log(𝑟 − 𝑟𝑖)

10

𝑖=𝑖

]                                                       (13𝑑) 
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On substituting all value of integration form equation 13(a) to equation 13(d) in 

equation (13) we get final S-matrix and S-matrix and T matrix (Kroll and Watson, 1973) 

we have from equation (6) as . 

    𝑇𝑓𝑖 =
𝑖

ħ
∫ ⟨𝑋𝑓(𝑟, 𝑡)|𝑉(𝑟)|𝑋𝑖(𝑟, 𝑡)⟩

+∞

−∞

𝑑𝑡                                               (14)  

Also, we have relation between differential cross-section and T-matrix (Kavazović et 

al., 2021). 

  

𝑑𝜎

𝑑Ω
=

𝑝𝑓

𝑝𝑖 
 |𝑇𝑓𝑖|

2
                                                                            (15) 

Now putting value of 𝑇𝑓𝑖 from equation (14) in equation(15) we get DCS. The 

developed model is used to investigate the scattering behavior of electrons interacting 

with water (H₂O) molecules under different thermal (293–300 K) and non-thermal (0 K) 

conditions. The framework incorporates laser-assisted effects through a thermally 

modified Volkov wave function and employs potential of H₂O molecule. By varying 

parameters such as scattering angle, momentum transfer, field strength, polarization, and 

Bessel function order, the model allows detailed analysis of DCS, resonance features, and 

interference patterns, highlighting the combined influence of thermal and laser fields on 

electron-molecule interactions. 

3.  Results and Discussion  

Figure 1 is computed for a distance separation of 1 Å with parameters: photon number 

2, relative field strength 2 a.u., absolute field strength 1.5 a.u., initial electron conductivity 

10 a.u., final electron conductivity 0.15 a.u., initial temperature (∇Ti) 293 K, and final 

electron temperature (∇Tf) 300 K. The results show that the interacting nature or 

probability of scattering of e-H2O at a scattering angle of 5.7o remains nearly constant, 

indicating that the electrostatic interaction energy is comparable to the rest energy of the 

scattering particles. In terms of polarization, the DCS is highest for circular, followed by 

elliptical, and then linear polarization, as illustrated in Figure 1(a). At a reduced scattering 

angle of 0.57o, slight resonances are observed around 0.25 eV and 1 eV, while further 

decreasing the angle to 0.057o produces stronger resonances with higher amplitudes but 

lower DCS values. These findings demonstrate that the scattering angle plays a crucial 

role in to study the nature of e-H2O  variation at specific momentum changes (Dhobi et 

al., 2025b), exhibiting damping-like behavior due to the nature of the Bessel function. 

Moreover, the peak seen in Figure 1(c) is associated with the self-healing property of the 

Bessel function, which tends to restore oscillatory patterns after energy loss, emphasizing 

the combined influence of angular dependence and Bessel-function dynamics on 

scattering behavior. 
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Figure 1: DCS with change in momentum (a)=5.7o, (b) 0.57o,  (c)=0.057o at ∇Ti=293K 

and ∇Tf=300K 

Figure 2 is computed for a distance separation of 1 Å at a scattering angle of 0.57o, 

with parameters set as photon number n=2, relative field strength 0.5 a.u., absolute field 

strength 0.5 a.u., initial electron conductivity (kei) 10 a.u. and final electron conductivity 

(kef) 0.15 a.u. The results show that at a scattering angle of 5.7 o, when temperature is 

considered zero in Equation (15), the probability of interaction of e-H2O increases with 

momentum transfer, indicating that in the non-thermal case the temperature contribution 

is effectively negated. However, when thermal conditions are included (∇Ti =293K and 

∇Tf=300 K), the interaction of e-H2O is consistently higher than in the non-thermal case 

(∇Ti=∇Tf=0 K). This demonstrates that temperature has a significant role in enhancing 

scattering, as the thermal environment contributes additional electron oscillations that 

increase scattering probability. The nature of variation also differs under specific 

parameters, with increases in e-H2O interaction corresponding to resonances at certain 

momentum or energy values. These findings suggest that temperature not only assists 

scattering in a similar way to laser-assisted processes but also provides an additional 

mechanism for manipulating electron–particle interactions, thereby increasing the 

likelihood of scattering events. Das and Dhobi (2025) show the similar nature when they 

study Scattering Dynamics with Gaussian Potential in the Presence of a Bichromatic 

Laser Field.  
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Figure 2: DCS with change in momentum (a) linear (b) circular, (c) elliptical at 5.7o 

and 0 K  

To compute the results shown in Figure 3, we consider momentum transfer of 0.4 eV, 

a scattering angle of 5.7o, relative field strength of 1 a.u., field strength of 0.4 a.u., with ., 

initial electron conductivity of 10 a.u. and final electron conductivity of 15 a.u. The figure 

presents the variation of DCS with distance separation, where stronger fluctuations are 

observed for the thermal case (Figure 3a) compared to the non-thermal case (Figure 3b). 

The enhanced oscillations of e-H2O in the thermal case arise from the combined effects 

of temperature-induced resonance and superposition, which increase both the field energy 

and amplitude, since amplitude is directly dependent on e-H2O scattering. As a result, a 

strong fluctuation is observed around 2.2 Å in Figure 3(a). Below this distance, the DCS 

increases smoothly but very slowly, whereas beyond 2.2 Å it decreases gradually and 

eventually approaches a constant value. The constant nature of DCS in this regime is 

attributed to the electrostatic interaction energy becoming equal to the rest energy of the 

scattering particles. Furthermore, the DCS under thermal conditions is consistently higher 

than in the non-thermal case when other parameters are kept the same. A comparison 

across polarizations shows that elliptical polarization yields slightly higher DCS values 

than circular polarization, while circular polarization remains marginally higher than 

linear polarization. 
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Figure 3: DCS with separation distance (a) ∇Ti=293K and ∇Tf=300K , (b) ∇Ti =

∇Tf=0K 

Figure 4 is computed for a distance separation of 1.5 Å, momentum transfer of 1 eV, 

relative field strength of 0.3 a.u., absolute field strength of 5 a.u., initial electron 

conductivity of 0.1 a.u., and final electron conductivity of 0.5 a.u. The results show that 

the e-H2O exhibits distinct behaviors under thermal and non-thermal conditions, with the 

thermal case consistently producing higher values than the non-thermal case. In Figure 

4(a), two sharp peaks are observed: the upper peak arises from strong resonance and 

constructive interference, while the lower peak is associated with destructive interference. 

When electron conductivity decreases, the nature of interaction between the projectile 

and the target changes, leading to modifications in the DCS amplitude, which is found to 

decrease as shown in Figure 4(b). The peak in Figure 4(b) is again due to constructive 

interference, whereas the regions where the e-H2O scattering becomes constant indicate 

that the electrostatic interaction energy has reached equilibrium with the rest energy of 

the scattering particles, implying that no further approach of the projectile to the target 

occurs. In Figure 4(c), the DCS decreases with increasing scattering angle, accompanied 

by a reduction in amplitude. Although the overall trends remain similar across all 

polarization cases, the magnitude of DCS is slightly higher for circular polarization 

compared to elliptical, while elliptical polarization remains marginally higher than linear. 

  

 
Figure 4: DCS with scattering angle (a) kei=0.1 a.u. kef=0.5 a.u., (b) kei = 0.01 a. u., 

kef=0.05 a.u. at  ∇Ti = 293 K, ∇Tf = 300 K (c) ∇Ti = ∇Tf = 0K 
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Figure 5 is computed for momentum transfer of 1 eV, separation distance of 1.5 Å, 

scattering angle of 57o, relative field strength of 2.5 a.u., field strength of 0.9 a.u., with 

initial electron conductivity of 0.10 a.u. and final electron conductivity of 0.5 a.u. Figure 

5(a) shows that the e-H2O scattering increases with increasing temperature, while Figure 

5(b) demonstrates a similar trend of increasing e-H2O interacting with increasing field 

strength. In both cases, the overall nature of the curves remains consistent across all 

polarization states, with slight differences in magnitude: elliptical polarization yields the 

highest DCS, followed by circular, and then linear polarization. These results indicate 

that both temperature and field strength enhance the scattering probability by increasing 

electron oscillations, which in turn raise the DCS amplitude. In addition, Dhobi et al. 

(2026; 2025c) shows that DCS has effect on temperature.  

 
Figure 5: DCS with temperature (a) with ∇Tf = 300K and (b) field strength 

Figure 6 is computed for distance separation 1.5 and monetum transformation 0.3 eV, 

scattering angle 5.7o, relative field strength 2.5 a.u., absolute field strength 0.9 a.u., with 

initial electron conductivity of 0.10 a.u. and final electron conductivity of 0.5 a.u. The 

results show that the e-H2O  probability of scattering decreases with increasing order of 

the Bessel function across all scattering angles. At higher scattering angles, the DCS is 

relatively larger, whereas at lower angles it is significantly reduced. Moreover, as the 

scattering angle decreases, the e-H2O scattering probability values for different 

polarization states gradually converge, as illustrated in Figure 6(c), with elliptical 

polarization showing the strongest convergence trend. At lower Bessel orders, the DCS 

is distinguishable between polarization cases, while at higher orders the differences 

diminish and the polarization dependence becomes negligible. For very high Bessel 

orders, the DCS approaches an almost constant value, which indicates that the 

electrostatic interaction energy and the rest energy of the scattering particles reach 

equilibrium. This behavior highlights the damping-like nature of higher-order Bessel 

modes, where oscillatory effects are suppressed, leading to a saturation in the scattering 

cross-section. 
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Figure 6: DCs with Bessel function (a) 57o, (b) 28o, (c) 5.7o at ∇Ti = 293 K  and ∇Tf =

300K 

4.  Conclusion  

The results demonstrate that the e-H2O DCS in laser-assisted electron–quantum dot 

scattering is strongly influenced by temperature, scattering angle, field strength, 

polarization, distance separation, and Bessel function order. Thermal effects consistently 

enhance e-H2O  DCS compared to non-thermal conditions, as increased electron 

oscillations raise scattering probability. Resonances are observed at specific momentum 

or energy values, particularly at lower scattering angles, while higher angles generally 

exhibit larger e-H2O DCS. Polarization affects scattering magnitude, with elliptical 

polarization producing the highest DCS, followed by circular and linear. Variation in 

distance separation and electron conductivity modulates e-H2O DCS amplitude, revealing 

constructive and destructive interference patterns. Increasing field strength and 

temperature further amplifies scattering, highlighting the combined role of external fields 

and thermal excitation. Higher-order Bessel functions reduce polarization dependence 

and produce nearly constant DCS, reflecting the balance between electrostatic interaction 

energy and particle rest energy. Overall, these findings illustrate the interplay of thermal, 

field, and geometric factors in controlling electron-QD scattering. 
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