A 3 Journal of

4 - Mathematics and
m' f‘ g Vathematics Education p'ISSN 2089'8878, e'ISSN 2715'8276
https://jurnal.uns.ac.id/jmme Vol. 14, No. 02, december 2024

RAYLEIGH RELIABILITY FOR 1 STRENGTH- 4 STRESSES

Ahmed H. Khaleel
Department of Statistics, Faculty of Administration & Economics, University of Sumer, Iraq
ahmedharoon885@gmail.com

Abstrak: Ketika fungsi keandalan ditemukan untuk model tertentu, perhatian harus diberikan
pada faktor-faktor yang mempengaruhi model ini, yang sering membagi faktor-faktor ini menjadi
faktor daya tahan yang dimiliki oleh komponen-komponen model dan faktor-faktor tegangan
yang dimiliki oleh komponen-komponen model tersebut. terbuka. Dalam tulisan ini, ditemukan
fungsi reliabilitas untuk salah satu model stress-robustness dimana model tersebut terdiri dari satu
komponen yang mempunyai ketahanan yang dinyatakan dengan variabel acak X dan dikenakan
empat tegangan yang dinyatakan dengan variabel acak (Y;, Y,, Y3 ,Y,) asumsikan bahwa
variabel acak tersebut variabel mengikuti distribusi Rayleigh. Parameter distribusi diestimasi
dengan tiga metode estimasi (metode kemungkinan maksimum, metode kuadrat terkecil, dan
metode kuadrat terkecil tertimbang), setelah itu fungsi keandalan model diestimasi. Simulasi
Monte Carlo juga dilakukan untuk membandingkan hasil yang diperoleh dari estimasi
menggunakan Kriteria mean squared error. Perbandingan tersebut menunjukkan bahwa ML
merupakan estimator terbaik dari fungsi reliabilitas.

Kata kunci:Komponen, Kemungkinan maksimum, Distribusi Rayleigh, Keandalan, Simulasi.

Abstract: When a reliability function is found for a particular model, attention should be paid to
the factors affecting this model, which often divide these factors into the durability factors
possessed by the components of the model and the stress factors to which the components of the
model are exposed. In this paper, a reliability function was found for one of the stress-robustness
models where the model consists of one component that has robustness expressed by the random
variable X and is subjected to four stresses expressed by random variables (Y;, Y,, Y5, Y,) assume
that the random variables follow the Rayleigh distribution. The distribution parameters were
estimated by three methods of estimation (maximum likelihood method, least squares method and
weighted least squares method), after which the reliability function of the model was estimated.
A Monte Carlo simulation was also performed to compare the results obtained from the estimate
using the mean squared error criterion. The comparison showed that ML is the best estimator of
the reliability function.
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Interest in the term stress-strength in industrial systems increased significantly before the second half
of the twentieth century. When dealing with the term stress-strength, we show the relationship between
two random variables, one represents stress(Khaleel, 2021b), the other represents strength and tries to
find the probability that one will overcome the other. The development that has taken place in the world
in various branches, such as scientific, medical and construction fields, has led to extension and
complexity in stress and strength models (Shang & Yan, 2024), and meanwhile, the dependency is basis
for measuring the performance of manufacturing models work ended time (Sarhan & Tolba, 2023), so it
has a major effect on refining the performance of this systems and increases their efficiency (Karam,
Yousif, Karam, & Abood, 2022; Khan & Jan, 2014). Reliability is defined as the lifetime of a component
where the component remains in a working state as long as it can resist the stresses to which it is
subjected, expressed by the random variable Y with its strength, and expressed by the random variable
X, where R = P(Y < X) and stops working (fails) if the stresses exceed the strength of the component
X <Y (Jebur, Kalaf, & Salman, 2020; Patowary, Hazarika, & Sriwastav, 2018).

Many papers included strength-stress, (Haddad & Batah, 2021) studied the reliability of the strength-
stress model when the factors follow the (Rayl. — Par) distribution. (Karam & Khaleel, 2019; Khaleel &
Karam, 2019) derived a special reliability model from the cascade models (2+1), where the model
contains two basic components and an excess component with an active standby state. (Khaleel, 2021a)
studied a special model of reliability (3+1), which contains three basic components and a component
with an active standby state. (Khaleel, 2021c) derived a model of a single component that has strength
and is subjected to several stresses when the stress and strength factors follow the Lomax distribution.
(Salman & Hamad, 2019) studied the estimation of the reliability function by several different estimation
methods when the stress and durability factors trace the Lomax distribution.

This paper aims to find a reliability function for a model consisting of one component, where this
component is subjected to four stresses, and these stresses have their own strength, assuming that the
stress and strength factors follow the Rayleigh distribution and are independent, as well as estimating
the reliability function in three estimation methods "maximum likelihood", "least square" and "weighted

least square™ and working Monte Carlo simulation to compare the estimation results.

RESEARCH METHODS

Mathmatical Model

It is known that the life of a component is determined in stress - strength models according to its
strength X, through which it can resist the stress Y to which the component is exposed (Khaleel &
Khlefha, 2021), where it is (X >Y), but if the stresses become greater than the strength of the
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component (Y > X), the component fails and does not continue to work .The mathematical formula for
the reliability of a one-component model can be expressed as follows (Hamad & Salman, 2021):

R =pr(Y <X) = [ f(x)Fy(x)dx (D
As for the case when the component is subjected to four stresses (Y;,Y,, Y; and Y,) and resists these
stresses with one strength (X), the reliability of this model can be expressed:

R ffooo pr(Y; < X)pr(Y, < X)pr(Ys < X)pr(Yy < X)fy ) dx

Assume that the random variables of stress and durability are independent and indexical, so the

mathematical formula for the reliability of the model is as follows:
R = pr(Max(Yll Yz, Y3I Y4) < X)

=1 I R R F Y Ye Ys, Vi x) 4YadYsdY,dY, dxe ()
Then
R= [0 %[5 [ FYDFYD Y F(Ya) FOAY4dY3dY,d Yy dx
R = [ Fiy, (0) Fyy, Fay, () Fyy, (O f () dxe .(d)

Assuming that the random variables follow a Raleigh distribution where X~R (2,6) and Y,.~R(2, 6,)
;r=1,2,3,4 then the pdf and CDF are:

f(x)z%xe‘% ...(5
F(x)=1—e‘% ...(6)
And

E(Y)=1- e_g_: ir=1,2,3,4 ...(7

Equations 5, 6 and 7 will be used in Equation 4 as follows:
2 2 2 2

‘ x? x? x? 221, g
R=f [[1—e_51][1—e_52][1—e_53][1—e_54] sxe sdx
0

< x2 x? x2 x2 1 1) - 1 1)\ » 2
= = = = —( et —( et (st
= f [1 —e 61— 02 —p783 —_p s 4 ¢ (51 52>x +e (51 53)x +e (51 54)x
0

+e—(é+é)x2 + e—(é+i)x2 4 e—(é+é)x2 _ e_(i+é+é)x2 _ e—(é+£+i)xz

1,1 ,1)\ 2 1,1 ,1)\ 2 1,1 .1 1\ 5 2
- —+—+—)x —(—+—+—)x —(— —+— —)x X
—e (51 83 &4 — e \82 83 84 + e \61 82 83 &4 %xe sdx
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2xe S dx — fooo 2x e_(%+51)x2dx — fooo %x e_(%-'-%)xzdx — fooo %xe_(%+%)x2 dx

- 2 x €_<%+i>x2 dx+f0°° % xe” (%+‘S1_1+512) dx + f 5 xe (8+%+%)x2 dx+f:o % xe” (%+5i1+i)x2 dx
+ fooo 2 xe—(%+%+%)xzdx + fooo %xe—(%*'g"'a)xzdx =+ fooo% (6+5 +64) dx
e [y e oy R,

1,1 1 1) 2 ( 1 1) 2
et |x 1,1, 1,11
- Exe—(s 82783 84 dx+f0°°—x 85781762 83 84)7 4

o= +ignl-bepl- kel bl beal b
el el el bl ezl

G+ E
[ a+a g+54] [ 5+a g+54] [ 5+S g+s4] [ sﬁs—l*g*ﬁa)]

Finally, the reliability model is:

=

R=1- (5351)] B [(5%32)] B [(5+53)] [(6+54)] [(651+§(15fj-6152)] [(551+§:sj15153)]

[ 5104 ] 8263 ] [ 520, ] [ 830, ]
(88, +88,+8,8,) (88, +885+8,83) (68, +88,+8584) (683+88,+858,)

B [ 518285 ] B [ 515264 ] 3 [ 518584 ]
(8818,+88185+88,83+6,8,53) (8818,+08184+88,8,+0815,84) (88103+80184+8838,+6,5364)
_[ 8,836, ] + [ 616,836, ] (8)
(88,03+808,8,+8858,+628384) (8818585+88510,8,+0881038,+08,858,+6,0,6584) .

Maximum likelihood function (ML):

To estimate the parameter & by the ML method, we can start by using equation (5) as follows :

Z?:ﬂciz
L(xq, 25, o, %03 2,8) = ( ) [[L,xie & ..(9)
The logarithm is taken for equation 9:
no2
InL=nln2-nlné+Y-Inx; — le% ...(10)

Equation 10 is partially derived for the parameter &:

dlnL _ n g xi?
s = 68 52
Then get as By
Zl 12
Bony === (1)

With the same previous steps, 83wy, S2amuLy S3mL), Saqur) are obtained:
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Sl(ML) B

5. Zig=Yie
2M) =~

5 Tk
3L =~
o

Os(mi) == —

Least Square Method (LS) :
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(12)

.(13)

..(14)

...(15)

By using the minimization equation, it is possible to start estimating the parameters using the least

squares method as follows:

2
S = XL [FX) — E(FXa))]
to parameter § of X ~ R(2,8) with size n.

Equal to E(F (X)) with P; where P, = ﬁ Si=12,..,n
2
_
1-P)=e s
Then

x%
In(1=P)+ ~>=0

Now equation 17 is used in equation 16:
xZ 2

S=3yn, [ln(l P+ %]

Equation 18 is derived for the parameter §:

s 2] =G
=32 - Py + 2

n 0] i)
Zi=1 2 [11’1(1 - Pi) + T] 7 = 0
Then §(,s) is obtained:

n 4
§ —_ —Zi=®)
(Ls) pa x(zi) In(1-P;)

In the same way, 8115y, 2Ly O3(Ls) and 84(Ls) are obtained:

_y1 g4
z“]'1=1y1(]'1)

Sl(LS) T
2
Zjllzlyl(jl) ln(l_Ph)

_yn2 4
Zjp=1Y%2(;,)
2 .2
j2:1y2(j2) l"(l_Piz)

SZ(LS) = 5

...(16)

(17)

..(18)

..(19)

....(20)

.21

(22)
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_yn3 4
Zj3=1Y3(3)

n3 2 )
z"j3=1y3(j3) ln(1—P}3)

.(23)

83 Ls) =

_y4 g4
Zjp=1Y4(,)

n4 2
Zjy=1 Vi) 0(-P)

.(24)

S4(LS) =

Weighted Least Square Method (WLYS) :
By equations 17 and 18 can be used to find the estimate of parameter 1 by the weighted least

squares method as follows [9]:

2 12
S w|ln(1—P)+ =2 =0 ..(25)
1
Where w; = VarirGeg)l
By deriving (25) to §:
1
Yy wixdy In(1 = P) + 5 X1 wix(yy = 0 ...(26)
S0, Sqwis) is:
S _ — Yt Wiy
5(WLS) = ST wiwZ, In(1-P ...(27)
In similar way, SI(WLS)' ,SZ(WLS)J ,83(WLS) and S4-(WLS) are.
~ -y w oy
b3 =_ _ “h= TGy ...(28
1WLs) Zj11=1WJ'17~”/12(j1) ln(l_Ph) %)
R -2 wi Y3
5 = _ =122y ...(29
2(WLS) T R, (i) (29
R -3 wi vs
§ =_ =1 1373(i3) ...(30
3(WLS) S wig Wi (7)) (30)
A~ _21_14: w; y;‘ .
Sawis) =sm Ja=t 47 Ua) ...(31)

j4:1wi4y"%(j4) ln(l—Pj4)
RESULTS AND DISCUSSION

Simulation

A Monte Carlo simulation is performed to compare the results of different estimation methods using
MSE. Then the results obtained are deliberated to demonstration which estimation methods are the best,
simulations are also made to compare estimation methods for R using different sample sizes (Alshanbari
etal., 2022).
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The Algorithm:
The MATLAB program is used in the simulation as shown in the steps below:
1. random samples x4, x5, ..., Zn; Y11, Y12, - Yings Y21, Y22s - Yan,s Y1, Ysz, - Yzp, and
UYa1, Yazs - Yan, OF different sizes (n, ny,ny, n3,m,) = (20,20,20,20,20), (40,40,40,40,40),
(50,50,50,50,50), (70,70,70,70,70)and(90,90,90,90,90) are generated.
2. Let the values of the parameters &, &, 6, 83, 8, be the reliability of the five experiments as shown

below:
Table 1: The parameter values and reliability
Excrement 1) 61 4, 63 64 R
1 0.7 0.7 0.7 0.7 0.7 0.2000
2 1.6 0.5 0.9 0.4 0.2 0.5337
3 0.9 1.3 1.1 1.1 1.4 0.1294
4 1.2 1.1 0.8 0.5 1.2 0.2996
5 2.6 0.3 0.6 0.3 0.5 0.7163

3. Parameters (6, 61, 6,, 63, 8,) were estimated in equations (11), (12), (13), (14), (15), (20), (21), (22),
(23), (24), (27),(28), (29), (30),(31).
4. Calculate the mean with the formula:

L s
Y R
Mean = Z=1%i

5. By using the mean squares error, the results of the estimation methods are compared, the mathematical

formula of which is:

~ 1 ~
MSE(R) = 7 2k (R; — R)?

Results:

The tables below represent the results obtained from the simulation procedure:

Table 2: simulation results of Experiment 1

S5 MLE LSE WLSE Best
(20,20, 20,20,20) 8:3?% 8:3?21 giéigg
(40,40,40,40,40) 8:3?33 8:3?22 Sﬁg
(50,50, 50,50, 50) 00086 00000 0otcs MLE
(70,70,70,70,70) 8:3833 8:382? 8%%?
(90,90,90,90,90) 8:3832 8:38?3 8:(1)?1’8451
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Table 3: simulation results of Experiment 2

S5 MLE LSE WLSE Best
(20,20, 20,20,20) Ty T 00261
(40,40, 40,40, 40) T e 00310
G050,50,50.50 [—oar a0 _|_LaOT | MLE
(70,70,70,70,70) T o 00240
(90,90,90,90,90) 8:3222 8:3123 8:3%8

Table 4: simulation results of Experiment 3

55 MLE LSE WLSE Best
(20,20,20,20,20) 8:3332 8:;8?71 giéggg
(40,40,40,40,40) 8:38;8 8:;82; 8:8822
Gosososose |0l | Dl | 000 | MLE
(70,70,70,70,70) 8:;8% 8:;8}; 8:8222
(90,90,90,90,90) 8:;823 8:;84213 8:82211

Table 5: simulation results of Experiment 4

s MLE LSE WLSE Best
(20,20,20,20,20) 8:5353 8:5322 8:5522
(40,40, 40, 40, 40) 8:5;3 8:52‘2‘ 8:5;?12
(50,50, 50,50, 50) 22802 22853 50235 MLE
(70,70,70,70,70) 8:5?;2 8:5?31 8:(2)2?11
(90,90,90,90,90) 8:5?32 8:5??; 8;33;2

Table 6: simulation results of Experiment 5

5SS MLE LSE WLSE Best
(20,20,20,20,20) 8:82?8 8:3282 8:823?
(40,40,40,40,40) T S C0sTt
Gos0.505050) | LML | DOE | 0S| MLE
(70,70,70,70,70) o e Coot
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0.6079 0.6039 0.5569
0.0412 0.0425 0.0600

(90,90, 90,90, 90)
CONCLUSIONS

After completing the simulation study, we came to these conclusions:

e The reliability value increases by increasing the value of parameter & and the reliability value
decreases by increasing the values of parameters (84, 83, 83, 84), and this is clear from Tablel.
e The performance of the MLE estimator was the best for estimating R.

Table 7: Best estimator of Model Reliability
Values of parameters and sample size Best
Sizes of Sample (n, n4, n,,n3,n,) = (20,20,20,20,20), (40,40,40,40,40),

(50,50,50,50,50), (70,70,70,70,70)and (90,90,90,90,90) and values of
parameter are (8, 84, 85, 83, 6,4) = (0.7,0.7,0.7,0.7,0.7), (1.6,0.5,0.9,0.4,0.2),
(0.9,1.3,1.1,1.1,1.4), (1.2,1.1,0.8,0.5,1.2) and (2.6,0.3,0.6,0.3,0.5),

MLE

e There is a convergence between the performance of MLE and LSE estimators.
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