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Abstract. The Kumaraswamy Lindley distribution is a generalized distribution that has many
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1. Introduction

There are many researchers dealt with this type of similar distributions to the proposed Kumrsawamy
Lindely distribution (KLD). Gauss and Castro (2009) have proposed a new family of generalized
distributions. Elbatal et al. (2013) ) presented a new generalized Lindley distribution. Cakmakyapan and
Ozel Kadilar (2014) proposed a new customer lifetime duration distribution for the Kumaraswamy Lindley
distribution. Oluyede et al. (2015.) devoted a generalized class of Kumaraswamy Lindley distribution with
applications to lifetime data. Riad et al. (2015) analyzed a log-beta log-logistic regression model. Cordeiro
etal. (2017) presented the Kumaraswamy normal linear regression model with applications. Cakmakyapan,
etal. (2017) presented the Kumaraswamy Marshall-Olkin log-logistic distribution with application. Vigas 1
etal. (2017) presented the Poisson-Weibull regression model. Nofal et al. (2017) presented the transmuted
Geometric-Weibull distribution and its regression model. Rocha et al. 2017) presented a Negative Binomial
Kumaraswamy-G cure rate regression model. Hancnue et al. (2017) presented Marshall-Olkin-
Kumaraswamy-G family of distributions Eissa (2017) prggented exponentiated Kumaraswamy-Weibull
distribution with application to real data. Elgarhy (2017) proposed Kumaraswamy Sushila distribution.
Altunl et al. (2018) presented a new generalization of generalized half-Normal distribution. Abed et al.
(2018) proposed a new mixture statistical distribution Exponential — Kumaraswamy. Fachini-Gomes, et al.
(2018) presented the Bivariate Kumaraswamy Weibull regression model. Arshad, et al. (2019) presented
the gamma kumarsawmy-G familey distribution, theory, inference and applications. Mdlongwan et al.
(2019) presented Kumaraswamy log-logistic Weibull distribution, model theory and application to lifetime
and survival data. Pumil et al. (2020) presented Kumaraswamy regression model with Aranda-Ordaz link
function. Safari et al. (2020) presented Robust reliability estimation for Lindley distribution, a probability
integral transform statistical approach. Hafez et al. (2020) presented a study on Lindley Distribution
accelerated life tests, application and numerical simulation. AlgarnilD(2021 devoted a new generalized
Lindley distributiorﬁumperties, estimation and applications.

1.1 Definition Lindley Distribution. The Lindley distribution was introduced in 1958, but it was used
as an alternative to the exponential distribution, where the Lindley distribution was used to study many
characteristics such as data modeling and other characteristics.. In this section, the definition and properties
of Lindley distribution are provided. Equation (1) presents the pdf of the Lindley distribution with
parameter 0 :

62
8+ 1

g(x)= 1+x)e % x>0,0>0 (1)

The corresponding cdf function is:

G(x)=1—e~0x (1+ x 6

g+ 1

) x>0,6>0 2)
1.2 Kumaraswamy Lindley Distribution (KLD). Suppose G(x, 0) be the cdf of the Lindley
distribution given by (2). The cdf of Kw-Lindley distribution can and (pdf) of Kw-Lindley are:
a b
F(x):l-[l—(l—e—ﬂx (1+ = )) ] (3)

g +1

2

= o (g a0 ) (1 (1455))
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Figure 1. pdf (lenght) and cdf (right) plot of (KWL) Kumaraswamy Lindley distribution
2. Mathematical Properties
2.1 probability weighted moments

The probabilities weighted moments (PWM) are used to derive parameters of generalized probability
distributions and this method is used to compare with the parameters obtained by using the probabilities

weighted moments are defined as follows
psr=EQSF)T) = [ x5 F(x)"f(x)dx (5)

From the definition of the cumulative distribution function of the Kumaraswamy Lindley, we find

that

rw=1-[1-(1-e (14 25)) |

(1-2)% = ¥2,(-1)¢ (‘:j) zZt |zl <1

(e (o %)) = Zeor Qe (e 5%

Using the binomial theorem on the following

1

(1+220) =Y () (o)

Substitute the value of the term into equation number (3) we get the following

(1= (14 22)) = a0 (320 (755) ¥e ©

Simplitying the equation number , we get

Ox .
(1— e 0% (1 t3 n 1)) = Wyxle 0%

Where
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= 3OS O (75)

Substituting into the cumulative distribution function tm' a value
Ox “
1—e % (1 + )
( g +1

Fx)=1-[1-Wyxtex]’

We get

. b
Applying the binomial theorem to the following expression [ 1— W, xle nbx ]

[1— W, xle—nbx ]b _ Z(_l)a (z) (mele—nﬂx)a

Simplifying the previous expansion, we get

b b
[1-Wpyxlenox | = Z(_l)a (6) (W,)8  e~Sndxyol
5=0
b
[ 1— Ix e—nﬂx ] — ane—dnﬂxxal

Where

Wis = i(—l)a (z) (Wn)?
5=0

(7

8)

Thus, the final formulation of the cumulative distribution function of the Kumaraswamy Lindley

distribution becomes as follows
F (x) = 1 _ane—anﬂxxal

9

And now we show the components of the general formulation the probabilities weighted moments (PWM)

The first component is
F(x)" = (1 _ ane—dnﬂxxal)r

Applying the binomial theorem to the fo]]owing expansion
F(x)r — Z( 1)?{ (e—ndnﬁ‘x HEI)(W IE)H

So the final form of the function F(x)‘" is
F) = (e—nanﬂxxndl)wnwn
Where Woisn = Yoemo(—1)™ (1) (Wpys)™
ab 67 m+j —0x(k+y)
The second component f (x) = T Wiax T(1+4x)e
Substituting in the general form for probability weighted moments, we get

0 - ab §* ; -
Psr = J‘U xS (e Hénﬂxxnal)wnwnm w;q Mt (1 + x) e 6‘x(k+y)dx
Simplitying the equation, we get

ab 62

P =gy T

wj anwnj e~ (oY s HMA] (1 4 x) e ~O*(K+V) gy
0

(10)

(1)

(12)
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ab 62
6+ 1
ab 6%
0+ 1

b 6* @ ; N
Psr = :+ - wj anIEr{ J‘U (xH6I+s+m+j+1 +xn6l+s+m+}) e (6‘(k+y)+r:6n6‘)xdx (13)

o
Psr = w; anij xn61+s+m+j (1 + x) e—ﬂx(k+y)—n6nﬂxdx
0

o
Psr = w; anIEr:j (xH6I+s+m+j+1 + xndl+s+m+}) e—ﬂx(k+y)—r:6n6‘xdx
0

o

o
Psr = TI (xr:61+s+m+j+1) e—(ﬂ(k+y)+r:6n6‘)x dx + TI e—(ﬂ(k+y)+r:6n6‘)xxn61+s+m+jdx
0 0

assuming that K; = 'cfnm (xTOLstmEj+1y o= (0(k+y)+ménO)x gy and K, =

TIU‘” e~ (OUcty)+mdnd)x ,mwél+s+m+j gy

It becomes probabilities Weighted moments (PWM) as following pg, = K; + K; And we calculate the

value of each K; and K,

oo
Kl — TI (xr:61+s+m+j+1) e—(ﬂ(k+y)+r:6n6‘)x dx
0

assuming that y = (8(k +y) + wénf)x  Differentiate the hypothesis, we get the following dy =

(@(k +y) +mdnB)dx , x= m Ldx = mBy substituting the value of each

of. x, dx.. and simplifying, we get the following.

o y mdl+s+m+j+1 dy
K, = TI (( ) ) e
o \(@k+y)+nudne (6(k+y) + wéno)
T

K, = :
1 (O(k + y) + mong)mol+s+m+j+2
T
(ﬂ(k+y)+r[5n3)n&+s+m+j+z

And by calculating the value of (K3)... we get

o
j yH6I+s+m+j+1 e~ Y dy
0

From the gamma integral we get K; = rmél+s+m+j+2)
KZ - ije—(ﬂ(k+y)+r:6n6‘)xxn6I+s+m+jdx
0

Substituting in (..K5).. for the hypothesis and differentiation, we get the following

K2 — TI e—(y) ( y )H6I+s+m+j dy
0

(6(k +y) +ménd) (6(k +y) + nénd)
Simplitying the previous equation, we get

jme—(y) (y)r:61+s+m+j dy
0

)rr6£+s+m+;'+z r (JT& ts+m +j + 1)

T
= Ok+y)+ nang)nal+s+m+j+1

T
(B(k+y)+ménd
The value of probabilities Weighted moments (PWM) as following ps, = K; + K;
_ Tl (mél+s+m+j+2) T I (mél+s+m+j+1)
Psr = (6(k+y)+r:6n6)“‘5i+5+m+j+z + (6‘(k+y)+r:6nﬂ)m5!+5+m+j+z “4)
The nth moments of residual life denoted by E[(x — t)™| x > t] where n=1,2,3, .....

Is defined by m(t),, = %ftm(x — )" f(x)dx (15)

K;

From the gamma integral we get K, =
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Substitute in the general form for the residuals life for the probability density function of the
Kumaraswamy Lindley distribution

- 1 . n
m(t), = ﬁ,[ (x—1t) T

From the binomial theorem we get
o

x ny X
— ) = (=1 =" = —tnz—lh vh
(=07 = (0= = (0" ) " (,) @
Using the binomial expansion of the expression ((x — t)" ) and the substitution of the general form for
residual life

Mty = = [ 7O B (D) OF 22wy g x™t (L +x) e dx  (16)

2
wj q x™ (1 +x) e %+ gy

R(T) f+1
Simplifying the least equation we get
ab 62 o
(o), = TETW Q(;g: Theo (D" (E) '[m (;)h XM (1 4 x) e~ 0%k gy
Let ks = bej il Q(_t::zgj:o(_l)h(:) the equation number ( )becomes
m(t), = R!E;) t°° xMHTh (1 4 x) e OxkAY) g
m(t), = %[I;’O KMt =0x(AY) gy 4 It‘” XMt e—ﬂx(k+y)dx] (17)

Letm(t), = %[h + ks] wherek, = ftm

J‘t‘x' xMHj+ht1 5—0x(k+y) o

xm+j+h e—ﬂx(k+y)dx and kS —

Now calculating the value of k4 and using the general form of the gamma function
r'(a,b) = fbmy“‘le'y dy we get

o
k4 — j xm+j+h e—ﬂx(k+y)dx
t

Assuming that y = (8(k 4+ y))x Differentiate the hypothesis, we get the following y = (8(k + y))dx ,
—__ Y __ dy
¥ =Gt = Gy
By substituting the value of each of. x, dx and simplifying, we get the following
°° d
Y A |
¢ L@k +Yy) O(k+y)
g « .
ky = : j [ym*i*h e= dy
(0(k + y))m+i+h+1 rodin)
Applying the general form of the gamma function —1 =m+j+h b= t0(k +y) , the value of
_I(m+j+h+1,t0(k+y))
4 (S(k + },))m+j+h+1

m+j+h
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To compute kg = _[:0 xMHjth g=0x(+y) gy

assuming that y = (6(k + y))x Differentiate the hypothesis, we get the following dy = (8(k + y))dx ,

@ Uecty)) ' (8 (k+y))
By substituting the value of each of. x, dx. In ks. and simplifying, we get the following
o m+j+h+1 d
S —— v
ogeapye LOKk+7v)) Ok +7y)

1 o ,
ke = i j m+j+h+1 e~V d
5 [9 (k + },)]m+;+h+2 O+t [y] y

Applying the general form of the gamma functiona—1=m+j+h+ 1L, b =t0(k +y)

The value of ks equal
_r(m+j+h+2,t0(k+7y))

5 [9 (k + },)]m+j+h+2
The Moments of Residual life eqeml the following
k3 [F(m+j+h+1t0(k+y)) | I(m+j+h+2,t0(k+y))
M(On = 25 [~ @erpyymreirs 6 Gyt iz ] (18)
2.2 Mean of Residual Life. The mean residual of (KWL) distribution is defined by
1 oo
m(t) =) x f)dx —t (19)

Substituting the probability density function for the(KLD) kumaraswamy Lindley distribution in equation
(19), we get
1 ® ab6? .
— —8x(k
m(t) = R(T),[ X T Wi q x™* (1 4+ x) e 0xk+y) gy — ¢

Simplitying the equation, we get the following

ab 62 S
_ 8+ 1" m+j+1 —Bx(k+y)
t) = ———— J 1 e Vdx —t
m(t) R(T) '[ X (1+4+x)
abg?
m(t) — %[L‘” M+l e—ﬂx(k+y)dx + J‘t‘x' xm+j+2€—6‘x(k+y)) dx] —t (20)
ab6*
Let kﬁ _ J.too xm+__l'+1 B_ﬂx(k"'y)dx, k-; _ J-too xm+j+ze—ﬂx(k+y)) dx and &§ = 9+R-T(T);q

The mean of residuals life becomes as follows
m(t) =8 kg + k] —t
Now we calculate the value of kg, which is

o
kﬁ — j xm+}+1 e—ﬂx(kﬂ')dx
t

assuming that y = (8(k 4+ y))x Differentiate the hypothesis, we get the following dy = (0 (k + y))dx ,
—__ 7 __ dy

YT o) T @)

By substituting the value of each of. x, dx. In k. and simplifying, we get the following
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m+j+1 dy

kﬁ:Lm[wmimn] T

1 j‘” :
= ; [y|m+i*t e™ dy
(O + YN Jgieaye
Applying the general form of the gamma functiona—1=m+j+ 1,b= (0(k + y))t

ke

_r(m+j+2,(0(k+y)t)
[0k +y)]mtir2

Now calculate the value of k-

k;, :j xm+j+2€—6‘x(k+y)) dx
t

assuming that y = (6(k + y))x Differentiate the hypothesis, we get the following dy = (8(k + y))dx ,

x=—2 __dy
@ Uecty)) ' (8 (k+y))
By substituting the value of each of. x, dx. In k. and simplifying, we get the following

1 o i
ks = —j m+j+2o-¥) d
7 (B(k + y))m+i+3 (6‘(k+y))ty ) dy

Applying the general form of the gamma functiona —1=m+j+2,b = (0(k + y))t

o = rm+j+3,(0(k+y)t)
T 0k )

The mean of residuals life becomes as follows

_ o [Fan+j+2,(6(k+))t) | Tm+j+3(6k+))O)] _
m(t)—ﬁ[ [(8(k+y))]m+i+2 (8(kc+p))mHi+3 ] t

(21)

Definition A distribution is said to be DMRL if the mean residual life function m(t) is decreasing int
,m(t) <0 ¥t>0and (IMRL) if rh(t) > 0 ¥t > 0 Differentiate the equation m(t) with respect to x

1Hh(t) = § [F(m +j+2, (G(fl:j;))t) + F(m +j+3 (Qiﬁ::))t)]
[(6C +1)] (O +7)

+6 [f‘(m+ [+2(004P))(0G+y) f‘(m+j+3,(6‘(k+y)]t)(6‘(k+y)]l
[(6(k+y))]m+}+z (6(k+y))m+}+3
Note th:ﬁrﬁ(t} > 0 t> 0 thus mean residual life is increasing (IMRL)

(22)

23 Reversed Residual Life. The nth moments of residual life denoted by E[(t — x)"| x < t]| where

n=1,23, ... Is defined by M(t),, = % J, (t = x)™ £ (x)dx(23). Substitute in the general form
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for the residuals life for the probability density function of the Kumaraswamy Lindley distribution
the reversed residual life becomes

1 [t= ab 6?2 .
— -8x(k
M(t)n = % : (t — x)” 9_{_71 'l"‘.—"-'I q xm” (1 + x) e x( "'V)dx
Using the binomial expansion of the expression
. o0
-2t =OA=-" =" ) 0°( )@
w’ 't

w=0

1t ny X ab 92 ,
MEn = WL ©r ;(_l)w () @" 5 T W™ (1) e dx

Simplifying the least equation we get

2 —1)@ (™
s I
_ 8+ 1 " t W Lmij —0x(k+y)
M(t), = x“ x (1+x)e dx
F(T) 0
ab 62 nwoo (D905
jq(t w= ) .
Suppose that ¢ = -£+1 w1 A the last equation becomes

F(T)
t .

M(t), = qoj xmHite (1 4 x) e x4y gy
0

M(t)n =g [J‘Ut xm+j+w e—ﬂx(k+y)dx + xm+j+w+1e—6‘x(k+y)dx]
Let kg — I[Jt xm+j+w e—ﬂx(kﬂ«')dx' kg — J‘Utxm+j+w+1e—6‘x(k+y)) dx
The reversed of residuals life becomes as follows

M) = ¢l kg + kol (24)
Now calculate the value of kg

t
kg :j xm+j+w e—ﬂx(k+y)dx
0

assuming that y = (8(k 4+ y))x Differentiate the hypothesis, we get the following dy = (8(k + y))dx ,

x = Y = dy
BUc+y)) ' (8 (k+y))
By substituting the value of each of. x, dx. In kg. and simplifying, we get the following
= jt [ y ]m+j+w o dy
N [CICEED) ©U+7)
1 (8 eyt .
- m+j+w -y
ke Ok + y))m+j+w+1jn [¥] e”dy

From the general definition of the gamma functiona — 1= m+j+wandb =0(k + y))b
rm+j+w+100+y)b)
(0(k + y))ym+i+w+1

kg =
Now calculate the value of kq

t
kg — j xm+}+w+1e—6‘x(k+y)) dx
0
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assuming that y = (6(k + y))x Differentiate the hypothesis, we get the following dy = (8(k + y))dx ,
—_ Y __ dy
IRCICE D BN CIC)

By substituting the value of each of. x, dx. In kg. and simplifying, we get the following

(B(k+yNt m+j+w+1 _ dy
ko ‘f [(G(kﬂ'))] ) G+

1 (B(k+yNt ot
m+j+w+ly, —
G, Dreten

From the general definition of the gamma functiona — 1= m+j+w+1landb =8k +y))b
rm+j+w+20(k+y)b)

kgz

9= G (k + },))m+j+w+2
The reversed of residuals life becomes as follows
_ r'im+j+w+1,8(k+y)b) | T'(m+j+w+2,8(k+y))b)
M(t) - [ (6(k+y))m+j+w+‘l (ﬂ(k+y))m+j+m+z (25)

The cumulative hazard function (CHF) of the kumaraswamy Lindley distribution denoted C HF gy (x, 8)
is

Defined as CHFiyy, (x,0) = [ h(x,0)dx (26)

Substituting for hazard rate function.. in Equation No. (26) we get

)
CHFgyy (x,0) = f;l Fj;x)

Substituting the value of the probability density function for the Kumarasumi-Lindley distribution as well
as the cumulative distribution function for it, we get

ab 62 —
Tt w;qu+1(1+x)e Bx(k+y)

@b
—8x Hx
[1-(1-9 ox (14 e+1)) I
Applying the rule of integration which states that if the numerator is the differentiation of the denominator,
then the integral is Lin (the denominator)

CHFywy, (x,0) = f

CHFqpy, (x, 8) = —lin [ 1- (1 —e 0 (14 = ))a ]b (27)

ab 82

fkwr _ Br1

] wjq xm+j (1+x) 9—91(k+y)
Reverse hazard rate function= 5
FrwL 1 1o(1—e-6x (1 8x ) a
e T

(28)

Dispersion in a population can be measured by measuring the sum ofdeviationﬁom the mean and median
and if we have X a random variable that is distributed Kamwaswamy Lindley we can derive the mean

deviation about the mean ¢ = E(x) and the mean deviation about the median M = F'l(%)

8 = [, 1X = pl fin(x)dx (29)
u @

5, = f IX = 4l fiom ()dx + f (x = 1) frow (X)d
0 u
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1 o o

u
6 = | friwm@dx = | x frw(dx + | xfir C)dx — | pfieui(x)dx
[ et | J /

81 = HF (W) = [;" % fin(Odx + [ xfiur ()dx = [, fiown (6)dx (30)
Substitute in equation No. (30) for the value of the integral u f:j frowt (x)dx = u(1 — F(u)
61 = HF D) = [ % e+ [ 3fio (Nx = 0(1 = F ()
0 u
5y = 20~ 20+ | xfian (ax
u
Now we ca]wate the value of the following integralm = f:j X fiowr (x) dx (31)
Substituting the probability density function for the kumaraswamy Lindley distribution into equation No.
(31) we get
ab 62 .
— i . m+j =8x(k+y)
T jx9+ T wiax (1+x)e dx(x)dx
u
Simplitying the previous integration, we get
ab 62 [
m= T Wi j 2™ (1 4 x) e dx (x)dx
i
_ abe? o +1 6 (k o i+2 ,-0x(k
=T Wi d [f# KA =OX(A V) g f# xMHI*2 g=0x( "'V)dx] (32)

Suppose that k,y = f:j M+l e=0x(k+V)dx andk,, = f:j xMi+2 o=0x(k+y) gy

Equation no(32) . becomes

ab 6?2
=T 1 w;j q [kyo + k1i]
Now we calculate the value of k,
le — j xm+j+1e—6‘x(k+y)dx
u
assuming that y = (8(k 4+ y))x Differentiate the hypothesis, we get the following dy = (8(k + y))dx ,

y dy
= . dx =
M%) @)
By substituting the value of each of. x, dx. In k. and simplifying, we get the following

B b y mj+1 dy
"“"f [(9(k+y))] TICES))
I
1

= Ok + )iz e dy
u(8(k+y))

le

Applying the general form of the gamma function




(2] (3]
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_rm+j+1,u(0k+7))
10 — (IS'U( + },))m+j+2

Now we calculate the value of k4
o
kll — j xm+j+2 e—ﬂx(k+y)dx
u

assuming that y = (6(k + y))x Differentiate the hypothesis, we get the following dy = (8(k + y))dx ,
__ Y __ dy

¥ =Gt = Gy

By substituting the value of each of. x, dx. In k,,.and simplifying, we get the following

@ y m+j+2 dy
kll = j [—] e‘}"—
w(8U+y)) ] (ke + }’)) ] (ke + }’))
1 o ,
Jiq = i j m+j+2 o=y 4
1 [9 (k + }’)]m+}+3 #(g(:“.y))[y] ¢ Y

Applying the general form of the gamma function
_rm+j+3,u(0k+7))

. [0Ck + )]+
ab 62
TEer 1 w; q [ k1o + k14]
Substituting for the valuek,, kqq we get
ab 62 rm+j+1,u(0k +v))) rm+j+3,u(0k+v))
R [ @G+ )™+ 60k + )™+

Substituting for the value T we get the mean division
8 = 2uF (u) — 2u
ab 62 F(m+j+1.u(9(k+}')))
9 + 1 wiq (9(k+y))m+j+2
F(m+j+ 3,u(00 + }')))
[0k +y)]m+i+3

3. Cuﬁusiuns

In this research paper, we present some of the new mathematical properties of the Kumaraswamy
Lindley distribution, which was proposed in 1958, Because of the great importance of the distribution in
different fields, including physics and engineering, and these properties of Reversed residual life, mean of
residual life, moments of residual life, probability weighted moments, cumulative hazard rate function,
have been derived further more, we invite researchers to study more mathematical properties of the
distribution because of its many applications, which can contribute to solving many life problems.
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