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Abstract

This paper explores the phenomenon of statistical power stagnation and decline in mediation analysis,
specifically focusing on the interplay between the antecedent variable, mediator, and outcome.
Mediation analysis is a critical statistical tool used to understand the causal pathways between
variables. However, statistical power may not always increase with stronger relationships between the
antecedent and mediator, often stagnating or even declining due to variance inflation caused by
multicollinearity. We provide a in detail examination of this issue, including key theoretical concepts,
the mathematical foundations of variance inflation, and the impact of mediator-antecedent
correlations on power. A simulation study further illustrates how varying these correlations affects
statistical power, variance estimates, and possible bias in mediation effects. Our findings indicate that
while increasing the strength of the relationship between the antecedent and mediator improves
mediation detection initially, beyond a certain threshold, it results in inflated variance estimates,
leading to decreased precision and power. Variance inflation of the mediated effect is more accentuated
than variance inflation of regression coefficients.
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1. INTRODUCTION

Mediation analysis seeks to elucidate the underlying structural relationships between an antecedent
variable and an outcome by incorporating a third variable, known as the mediator. The mediator serves
to clarify the nature of the relationship between the antecedent and the outcome. Mediation is established
when the antecedent influences the mediator, and a subsequent change in the mediator is associated with
a change in the outcome, contingent on the presence of the antecedent variable [1],[2]. The mediator
thus partially or fully accounts for the relationship between the antecedent and the outcome, allowing
the total effect of the antecedent on the outcome to be decomposed into mediated and non-mediated
paths [3],[4].

In mediation studies, the focus is primarily on the mediated path, with researchers often employing
null-hypothesis tests to assess its significance [5],[6]. Regardless of the testing methodology used, the
null hypothesis typically posits that the effect size of the mediated path is zero. A wide range of
significance tests has been developed and applied to evaluate mediation effects. Numerical and simulation
studies have revealed notable insights, particularly that the statistical power of mediation tests may
asymptote below 1 and, in some cases, may even decline. Fritz et al. [5] found that this decline in power
primarily occurs when the relationship between the mediator and the outcome is weak, while the
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relationship between the antecedent variable and the mediator is strong. This induces a multicollinearity
in the regression equation which leads inflated variance estimates and decrease in statistical power [7].

In this note, we explore the causes of power stagnation and decline. We start by introducing key
concepts and definitions, followed by a discussion of the theoretical foundations underlying power
stagnation. Building on Beasley's [7] work, we present closed-form solutions and further investigate
these findings through a simulation study. We conclude with a brief discussion of the results.

2. METHODS

We commence with the definition of a single mediator model when the effect of the antecedent
variable X on the outcome Y is mediated my M. Mathematically, this model is represented by three
regression equations

Y=a,+cX+¢g (1)
M=a;,+aX + ¢, (2)
Y=a3;+cX+bM+ e, (3)

where c is the total effect of the antecedent variable on the outcome, a is the effect of the antecedent
variable on the mediator while b is effect of the mediator on the outcome adjusted for the effect of the
antecedent variable. The casual steps strategy advocated by Baron and Kenny [8] uses estimates form all
three models to test for mediation effect; however, this approach has low statistical power. Alternatively,
product of coefficient tests such as Sobel-tests [9],[10] can be used. The product of coefficient tests
proceeds with simplification of equations (2) and (3) by replacing M in equation (3) with the structural
component from equation (2) leading to

Y = (az + bay) + X(c'+ ab) + &3 (4)
The limiting distribution of the effect size estimator for the mediation effect ab is obtained by first

order Delta-method, giving &b~N (ab, b%c? + azag) and
ab

S — (5)
szag + a%a}

where Z has standard normal distribution with expectation o and variance 1.
The null-hypothesis of the test states that Hy:ab = 0 the alternative Hy: ab # 0.. The rejection

region of the test is |ab| > z (%) 04p and the probability of rejecting the null-hypothesis when is false,
statistical power is given by
ab ab
1- CD{Zg——}+CD{—2g——} (6)
2 Oab 2 Oabp

where 7, /,is the quantile of the standard normal distribution at the desired significance level, a.

3. RESULTS AND DISCUSSION
3.1 Factors Influencing Statistical Power in Mediation Analysis

Statistical power varies with effect size and sample size. As the sample size increases the precision
of regression coefficient increases and their variance decrees. As a result, the signal-to-noise ratio
decreases and detection of a mediation effect become easier. Independently of the magnitudes of
regression coefficients, statistical power will depend on the ratio between signal @b and the noise, &,p,.
The variance of the mediation, 6§b, incorporates the variability both from the antecedent and mediator,
bzag + a? a,f. The effect of the antecedent variable on the mediator, a, and its variance (G(f) is estimated
from equation 2 and their value depends on the relationship between the mediator and the antecedent
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variable. The stronger the correlation between the two the lower the variance of the regression coefficient
will be. This relationship will directly influence g2and 62,. For the simple linear regression equation, the
regression coefficients can be estimated by minimizing the residual sum of squares

argmax Z(yi —az—cx; — bml-)2 (7)

or by solving the normal equations, (X7 X) ~*XTy where X is the design matrix compromising a vector
of ones for the intercept a vector with the measurements for the antecedent variable and a vector with
the measurements for the mediator. The variance of regression coefficients is estimated as o (X" X) ™

with

52 = Yilyi—az—cx — bmi)z
n—3

(8)

If the regression equation contains an antecedent variable and a mediator that are highly correlated
to each other then X7 X will have a determinant close to zero, making inversion imprecise and inflates
the variance of the parameter estimates. This variance inflation depends on the strength of the
relationship between the antecedent variable and mediator and is estimated by mediator. The estimated
variance for the regression coefficient b in practice will be

0'2

2
% = 1= RZ,,) 2i(m; — m)? 9)

Here, h RZ,, is the squared correlation coefficient between the antecedent and mediator variable and
(1 — R2,,) ! is the variance inflation factor, that measures the increase in variance due to collinearity
[11]. Additionally with some algebra it can be shown that o2equals
(1-R2,) 04
n—2 o—_,?

(10)

Is easy to see if R2,,, = 0 (i.e. no relationship between the mediator and antecedent variable) then
o will depend solely on the relationship between mediator and outcome. On the other extreme if R2, ,, =

1 then ois not defined and lim 02, = oo. This because the mediator and antecedent variable are
Rinx—1

linear combinations of each other and contain exactly the same information about the outcome. In
practical applications R2, ,, will be somewhere between o and 1. The value of R2, , will give insight in how
much information about the outcome is shared between the antecedent variable and mediator. This
shared information contributes to the inflation of the variance estimators for the coefficients in equation
(3) as the regression equation cannot attribute this information to either the antecedent variable or the
mediator thus increasing the insecurity in the estimation. The more information the two share higher
the inflation variance.

In a mediation context, the strength of the relationship between the antecedent variable and the
mediator plays a critical role, simultaneously enhancing the mediation effect while also introducing
potential complexities. By definition we wish for a strong antecedent-mediator relationship, but at the
same time the stronger the relationship gets the larger the variance inflation will be. Consequently, there
is an inverse relationship between o and 6Z. If one increases the other inevitably will decrease. If the
antecedent does not affect the mediator (e.g. no mediation effect) then g depends only on the strength
of association between the alleged mediator and outcome. If there is a mediation effect, then o will be
inflated by a factor of (1 — ern’x)_l . As RZ, . increases so does 62 decrease and g/ get more and more
inflated. Ultimately the achieved power depends on three parameters, the correlation between the
mediator and antecedent (7, ), correlation between the mediator and outcome (73, ) and the
correlation between the antecedent and outcome (7y ).
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Figure 1. The effect of the correlation between the antecedent and mediator variables on the
statistical power for detecting mediation (a), variance inflation (b) and the bias of the estimated
mediated effect.

Variance inflation in the b-coefficient propagates directly into the variance of the mediated effect. Similar
phenomena have been demonstrated in modern psychometric mediation work, where imprecise
mediator measurement inflates standard errors and reduces power

3.2 Numerical Evaluations

Similar to Zhang [12] whi has shown that product-based mediation tests suffer from structural
conservatism and variance irregularities we examine the finite-sample operating characteristics of
mediation estimators under structural configurations known to distort Type I error and reduce power.
This section provides a numerical evaluation of the results detailed in the previous section. The
simulation was conducted following the established guidelines outlined by Burton et al [13]. For this
analysis, we considered antecedent variables that follow a standard normal distribution, and a zero mean
mediator variable with the correlation coefficient between (p) them varying incrementally from 0.2 to
0.95 in steps of 0.0075. Using the relationship between correlation and regression coefficients, the

variance of the mediator variable was set to \/5_1, thus a = 1. The outcome variable was generated in
accordance with Equation 3, using parameters ¢’ = 0.2 and b = 1 and mean zero residuals with
standard deviation of 0.5. We analyzed two different sample sizes: 50 and 100. For each combination of
sample size and correlation coefficient, 1000 data sets were generated. Linear regression was applied to
each data set to estimate the coefficients from Equations 1, 2, and 3, as well as their associated variances.
These estimates were then utilized as inputs in Equation 6. Additionally, we assessed variance inflation
as a function of the correlation between the antecedent and mediator variables. Finally, we investigated
the potential impact of multicollinearity and variance inflation on the bias of the estimated mediated
effect. As this is a simulation study with a known population value, the bias is given by bias(&B) =
E [615] — ab and its associated variance is 62,. Figure 1 summarizes the results of the simulation. As
expected, statistical power initially increases with increasing correlation between antecedent and
mediator, however after a peak is passed around p = 0.6, statistical power decreases. This coincides with
a variance inflation factor of around 1.6, which suggests that the standard error for b is around 26%
larger than it would have been without collinearity between antecedent and mediator. Furthermore, the
results of the simulations suggest that the accuracy of the estimates is not affected by the correlation
between antecedent and mediator (Figure 1 ¢).
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Table 1 provides additional insights into how the correlation between antecedent and mediator
variables induces variance inflation. As expected, when the mediator is regressed on the antecedent
variable, a stronger correlation between the two results in a lower variance error for the regression
coefficient (62). This indicates increased precision in estimating the effect of the antecedent on the
mediator. However, when the outcome variable is regressed on both the mediator and the antecedent,
the precision of the estimate for b significantly decreases. This reduced precision is then carried over to
the estimates of the mediation effect (4b). Since the variance estimator for the mediated effect
incorporates both @ and b as multiplicative factors, the imprecision in estimating the mediated effect
exceeds the imprecision in estimating b.

Table 1. Precision of the variance estimates for regression coefficient and mediated effect as a function
of the correlation between antecedent and mediator variables.

VIF VIF _ p 62, 82 62
1 1.01 0.0209 21.400 21.4000 0.000005
2.09 0.7030 0.0269 0.0213  0.00542
5 5.30 0.8901 0.0271 0.0053  0.02170
50 51.2 0.9900 0.2660 0.0004 0.26501

In this note, we examined how power stagnation is a predictable phenomenon, directly resulting
from the strength of the relationship between the mediator and the antecedent variable. This
phenomenon is not exclusive to mediation analysis but is also observed in any multivariate regression
context. Fritz et al. [5] recommended that, when necessary, researchers should prioritize mediators that
exhibit the strongest relationship to the outcome over those related to the antecedent. While this is a
reasonable suggestion, it may not always be feasible to isolate a single factor in practice. Additionally, as
sample size increases or the signal-to-noise ratio decreases, statistical power is expected to asymptotically
approach one. This is due to the variance of the mediation effect—essentially the noise that obscures the
signal—becoming increasingly negligible. The strength of association, quantified by the correlation
between the antecedent and mediator, directly impacts the variance of the mediation effect, but this
relationship does not exhibit asymptotic behavior. Recent econometric work also highlights how indirect
effects depend critically on structural identification and the interplay between pathways [14]. Our
findings complement these results by demonstrating how collinearity specifically inflates the variance of
the mediated effect and contributes to power stagnation.

Addressing power stagnation might be challenging. While several alternatives to Sobel's test exist,
resampling methods and the distribution of product confidence limits have proven most effective [15]
unless computational burden in big data hinders it [16]. In this note, we utilized Sobel's test for
illustrative and pedagogical purposes, though we believe the concepts discussed are broadly applicable,
regardless of the testing method employed. Alternatives to Sobel's test do not mitigate variance inflation,
which is an inherent characteristic of multivariate regression models. Variance inflation arising from
strong correlations between predictors has long been recognized to inflate standard errors and obscure
true effects [17] in addition there might be multiple correlated mediators within the same study [18].
Naturally, increasing sample size leads to greater statistical power, and in most scenarios, statistical
power will asymptotically approach one as the sample size becomes sufficiently large. In practical
applications, it's uncommon to have variables that capture different parameters of interest for the
research question and exhibit correlations strong enough to raise concerns about statistical power in
mediation analysis. Integrative analysis of omics data with mediation has highly correlated mediator and
the antecedent variable, however mediation in this field is limited [19],[20].

Mediation analysis is particularly common in social science research, where relationships between
variables are often indirect rather than direct. It allows researchers to model these complex relationships
by identifying the processes or mechanisms through which one variable influences another, offering
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valuable insights into the 'how' or 'why' behind observed effects. However, in the social sciences,
correlations between variables are typically moderate to weak compared to the stronger correlations
often seen in physical sciences. This is due to the multifaceted nature of social phenomena, which are
influenced by numerous factors, making it challenging for any single variable to explain a large portion
of the variance in outcomes.

4. CONCLUSIONS

In summary, power stagnation and decline in mediation analysis can arise naturally when the
antecedent and mediator become highly correlated. Although a stronger antecedent--mediator
association increases the mediated effect, it also inflates the variance of the mediator coefficient in the
outcome model, reducing precision and eventually statistical power. The numerical results illustrate that
this variance inflation affects the mediated effect more strongly than the individual regression
coefficients, while not materially biasing the point estimate. Thus, mediation analyses should consider
not only the expected size of the indirect effect, but also the loss of precision induced by collinearity
between the antecedent and mediator.
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