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ABSTRACT 
  

High-order harmonic generation (HHG) has emerged as a promising route for producing coherent 

extreme ultraviolet (XUV) radiation and attosecond pulses. The enhancement of harmonic yield and 

extension of the cutoff energy are key challenges, particularly when using conventional homogeneous 

fields. Recent theoretical and experimental studies have shown that combining two-color laser fields 

with spatial inhomogeneities can significantly improve HHG efficiency. However, the effect of 

polarization angle on this process remains insufficiently explored. This study theoretically investigates 

HHG driven by a two-color inhomogeneous field using the strong-field approximation (SFA) 

framework. Numerical simulations were performed to analyze harmonic spectra under varying 

polarization angles, comparing one-color and two-color configurations. The role of the inhomogeneity 

parameter was also examined to determine its influence on supercontinuum generation and cutoff 

extension. The simulations revealed that the introduction of two-color fields enhanced the harmonic 

cutoff from the 70th to the 90th order compared with a one-color homogeneous field. Incorporating an 

inhomogeneity parameter of 0.003 further broadened the harmonic spectrum, producing a 

supercontinuum spanning approximately 270 orders. However, increasing the polarization angle from 

0.0π to0.5π resulted in a noticeable reduction of the harmonic cutoff, thereby limiting the generation of 

high-energy harmonics. These findings demonstrate that two-color inhomogeneous fields provide an 

effective means of extending the harmonic cutoff and generating broadband supercontinua suitable for 

attosecond pulse synthesis. Nevertheless, careful control of the polarization angle is essential, as 

misalignment significantly suppresses HHG efficiency. The study highlights the importance of 

polarization engineering in optimizing HHG sources for applications in ultrafast science and 

spectroscopy. 
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INTRODUCTION  
 

When atoms or molecules are irradiated by an intense laser field three nonlinear phenomena can 

be initiated; high order harmonic generation (HHG), above threshold ionization (ATI) and non-

sequential double ionization (NSDI) [1, 2]. However, HHG phenomenon has generated much 

research interest in recent years owing to numerous noble applications [3, 4]. First, HHG is utilized 

in the generation of a coherent light source in the spectral range of ultraviolet (UV) to extreme 

ultraviolet (EUV) range [5, 6]. In addition, it has proven to be an appropriate technique in the 

experimental and theoretical generation of coherent attosecond pulses. This is a reliable pathway 
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to the extraction of both spatial and temporal information with extremely high resolution [7, 8].  

Conceptually, the process of HHG is well elaborated by three steps or a ‘simple man’ model [9]. 

First, under the influence of very strong laser field bound, electron tunnel through coulomb 

potential. The freed electron is accelerated in the laser field and recombines at a later time with 

parent ion emitting a photon with energy pp UI 17.3+ ; pI  is ionization potential and 
2IU p  is 

ponderomotive energy. These processes are repetitive at every half cycle of the laser field and 

contribute to two major electron trajectories: long and short electron trajectories [10-13]. Each 

electron trajectory yields an attosecond pulse at every half optical cycle resulting to generation of 

attosecond pulse train (APT). However, for practical applications, an isolated attosecond pulse 

(IAP) is of paramount importance [7, 14]. This has triggered the emergence of different schemes 

with the objective of generating IAPs. They include and are not limited to: few-cycle pulse [15], 

polarization gating [16], two-color or multi-color [13, 17-21], chirped pulse [22, 23], and static field 

controlling scheme [24]. 

 

Recently, a new technique known as plasmonic field enhancement has brought a paradigm shift in 

HHG. The scheme has attracted much attention both experimentally [25] and theoretically [26-29]. 

Using the scheme, a low-femtosecond oscillator can be used to generate HHG without the addition 

of an extra cavity in order to amplify laser intensity. This is realized by illuminating metallic 

nanostructures or nanoparticles with a low-intensity pulse; the intensity can be enhanced by more 

than 20 dB [30]. As a result, the threshold of laser intensity for HHG in inert gases is surpassed. In 

addition, pulse repetition remains constant in the process. The harmonic radiation from each 

nanostructure acts as a point source, thus enabling the focusing of coherent radiation [30–33]. 

 

To diversify practical applications of IAPs, control of IAP properties such as frequency, phase, 

polarization, and amplitude is critically important [21, 34, 35]. Since the mean frequency of IAPs is in 

the spectral range of UV or EUV, where optical elements are not readily available to control 

polarization [36], such control must be established during generation. Full control of polarization 

has been achieved by adjusting the ellipticity of the counter-rotating few-cycle pulse for non-

collinear HHG [37]. Ruiz et al. have demonstrated polarization control of APT using an 

orthogonally polarized two-color scheme. This is achieved via control of the carrier envelope 

phase. An investigation on the polarization of attosecond pulses generated by two-color circularly 

polarized pulses has been done [38]. Furthermore, a scheme of linear perpendicular fields was 

proposed to control the polarization angle of the harmonic [39]. To date, the use of two-color fields 

has emerged as one of the ways of increasing the harmonic cutoff, resulting in a broadband XUV 

as well as the selection of a short quantum path continuum. However, detailed information on the 

polarization orientation of the two-color fields has not been adequately addressed. 

In this paper, we theoretically demonstrate the effect of polarization angle in an inhomogeneous 

two-color field on high-order harmonic generation. Based on the results obtained by solving the 

time-dependent Schrödinger equation, we demonstrate that high-order harmonic generation can be 

controlled better by using two color fields over one color field. Moreover, we have investigated 

the influence of polarization angle on the generated harmonic spectrum. The results show that by 

increasing polarization angle 0.0π from to 0.5π, the spectrum is characterized by reduction of 

plateau region and low harmonic yield. 

 
Theoretical Model 
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The theoretical investigation was carried out using MATLAB R2023a version as the primary 

computational environment. MATLAB was chosen because of its robust numerical solvers, fast 

Fourier transform (FFT) capabilities, and ability to efficiently handle time-dependent simulations 

of electron dynamics in strong fields. The simulation of the HHG spectra was by solving the two-

dimensional time-dependent Schrödinger equation (2D-TDSE). The 2D-TDSE is given by 

(throughout this paper atomic unit (a.u) are used unless stated otherwise)  
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Where 𝑉𝑎(𝑥) = −1/(𝛼 + 𝑥2 +  𝑦2)1/2 is the soft coulomb potential with α=0.1195 to match 

ionization potential for the ground state of Ne 0.7925a.u and Vₗ(x,t ) is potential due to the 

interaction between laser and electron. The inhomogeneous field along x- component is expressed 

as                                

                                  
( ) ( )( ),1, xtEtxE xxtx +=                                                                  

                                 
( ) ( )( )ytEtyE yyty += 1,

.                                                                                 (2)                                                                                   
and ɛ is the spatial inhomogeneity of the laser field [40, 41]. The synthesized laser field is expressed 

as, 

      
( ) ( ) ( ) ( ) ( ) ,coscoscos 111000  −+++= ttfEttfEtExt    

      
( ) ( ) ( ) .sincos 111  −+= ttfEtEyt                                                              (3) 

  Here 0E , 1E , 0 and 1  are the amplitude and frequencies of fundamental pulse and control pulse 

respectively. 0  and 1 are CEPs of fundamental pulse and control pulse whereas   is the relative 
phase between the two pulses. θ is the orientation angle between the two fields. The envelope 

function is ( )Tttf 2sin)( = . 010TT =  , 0T  represent the optical cycle of the fundamental pulse. 

The solution to equation (1) is obtained by the use of a split operator method [42]. The time-

dependent dipole acceleration is expressed as 

      
( ) ( ) ( ) ( )   ( ) ,,,,,,,,,,, tyxxtyxHtyxHtyxtax −=

                              

                                 
( ) ( ) ( ) ( )   ( ) .,,,,,,,,,, tyxytyxHtyxHtyxtay −=

                                (4) 

Whereas the harmonic spectrum is generated by applying the Fourier transform on time-dependent 

dipole acceleration, 
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Here q is the harmonic order. The obtained harmonics are in the frequency domain. Therefore, to 

obtain the detailed spectral and temporal structures of HHG at each half optical cycle in time, we 
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performed time-frequency analysis or spectrogram of the field by means of the wavelet transform 
[43, 44] 

                           
( ) ( ) ( )( )dtttWtatA 00 , −=  

.                                                                     (6) 

Where ( )( )0ttW − is the Morlet wavelet expressed as [58] 
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It is worth mentioning that the width of window function in the wavelet transform varies with 

respect to frequency. However, the number of oscillations within the window was maintained at a 

constant value. 
 

Results and discussion 
 

Fig. 1 (a) and (b) show the calculated one-color field (10 fs/800 nm) harmonic spectrum and the 

corresponding spectrogram distribution, respectively. Fig. 1(b) clearly illustrates that within each 

half optical cycle, there exist two distinct branches of comparable intensity: short and long 

quantum paths. As a result of the interference of the quantum paths, the harmonic spectrum 

exhibits large modulation structures in the plateau (flat-intensity) region in the harmonic spectrum 

with a cutoff at 70th order [see Fig. 1(a)]. Figs. 1 (c) and (d) show the linearly polarized two-color 

field harmonic spectrum and its corresponding spectrogram, respectively synthesized by a 10 

fs/800 nm driving pulse and a 10 fs/2000 nm control pulse. The intensities of these two laser pulses 

are chosen to be 3.0x1014W/cm2 and 6.0x1013W/cm2, respectively. In Fig. 1(d), one can see that 

above 80th orders there exist three noticeable peaks at approximately 04T , 05T and 06T . The 

intensity of the peak at 05T  is the highest thus it is the one that mainly contribute to the harmonic 

cutoff of 90th in the spectrum [see Fig. 1(c)]. The inhomogeneity parameter in this case was 

assumed to be ɛ=0.00.  Comparing Figs. 1(a) and (c), one can see that the two-color field spectrum 

has low modulation structures in the plateau region than the one-color field. Moreover, the 

harmonic cutoff is extended.  
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Figure 1: (a) and (b) The harmonic spectrum and the corresponding spectrogram in the one-color field, respectively. 

(c) and (d) Same as (a) and (b) in the two-color field. The intensities of the 800nm and 2000 nm are 

3.0x1013W/cm2 and 6.0x1013W/cm2, respectively. Here the inhomogeneity parameter was taken to be 

ɛ=0.00. 

We investigated the effect of the inhomogeneity parameter in a linearly polarized two-color field 

as presented in Fig. 2 (the inhomogeneous parameter was similar for the two fields). Figs. 2 (a) 

and (b) illustrates harmonic spectrum and the corresponding spectrogram, respectively with 

inhomogeneity parameter ɛ=0.00 (the case of homogeneous field). As can be clearly observed 

from Fig. 2 (b) that harmonic above 105th to 140th orders are dominated by three peaks at 

approximately 05T , 06T and 05.6 T . The intensity of the peak at 05.6 T  is higher than the other two 

peaks hence it is the one that mainly contribute to the double plateau region in the harmonic 

spectrum shown in Fig. 2 (a). When the inhomogeneity parameter is increased to ɛ=0.001, the 

cutoff is extended to about 200th order as shown in Fig 2 (c) and (d). In Fig. 2 (d) one can see that 

harmonic above 130th to 160th orders are dominated by a single peak followed by two branches 

of equal intensity between 160th to 200th orders at approximately 05T . For this reason, the 

harmonic spectrum shown in Fig. 2 (d) is characterized by a smooth plateau between 130th to 

160th orders and modulation structure between 160th to 200th orders due to interference of the 

quantum paths. On increasing the inhomogeneity parameter to ɛ=0.002 [Figs. 2 (e) and (f)], the 

harmonic cutoff is extended to 310th order. One can see that only short quantum path survives 

leading to generation of a smooth supercontinuum (continuous spectral region) with a broad 

bandwidth of about 150th orders [see Fig. 2 (e)]. On increasing the inhomogeneity parameter to 

ɛ=0.003, only one maximum radiation peak at 05T  is observed as shown in Fig. 2 (h) with the 

highest radiation of 415th order which is 265th orders higher than the second highest radiation. 

Therefore, abroad supercontinuum is generated from 150th to 415th orders as presented in Fig. 2 

(g). It is clear that increasing the inhomogeneity parameter resulted to generation of a smooth 

supercontinuum with a remarkable extension of the harmonic cutoff.  

 

Figure 2: (a) and (b) The harmonic spectrum and the corresponding spectrogram in the homogeneous two-color field, 

respectively. (c) and (d), (e) and (f), (g) and (h) same as (a) and (b) in the inhomogeneous two-color field 

with inhomogeneity parameter 0.001, 0.002 and 0.003, respectively. Here the polarization angle of the laser 
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field is 0.0π and inhomogeneity parameter was similar for the two fields. 

 

In Fig. 3 (a) we present the effect of varying the wavelength of the control pulse on the 

harmonic emission. Apart from the variation of the control pulse wavelength, other parameters are 

as in Fig. 2 (g). Here we choose control pulse wavelength 800nm (red line), 1200nm (green line), 

1600nm (blue line), 2000nm (black line) and 2400nm (pink line). One can clearly see that on 

increasing the control pulse wavelength the harmonic cutoff is extended and modulation structure 

eliminated. This observation is as a result of abrupt reduction of the central frequency of the control 

laser field. Figure 3 (b) shows the effect of varying the intensity of the control pulse. Here the 

intensity of the control pulse is chosen to be 1.5x1013W/cm2 (green line), 3.0x1013W/cm2 (blue 

line), 4.5x1013W/cm2 (black line) and 6.0x1013W/cm2 (red line).  One can see that on increasing 

the control pulse intensity the harmonic cutoff is gradually extended. This implies that by choosing 

a high intense control pulse it’s the surest test of obtaining a broad supercontinuum. However, a 

combination of long wavelength control pulse with high intensity cannot be easily realized in 

experiment.  

 

Figure 3: (a) Variation of the control pulse wavelength. Red line (800nm), green line (1200nm), blue line (1600nm), 

black line (2000nm) and pink line (2400nm) (b) Variation of control pulse intensity. 1.5x1013W/cm2 (green 

line), 3.0x1013W/cm2 (blue line), 4.5x1013W/cm2  (black line) and 6.0x1013W/cm2 (red line). Here 

inhomogeneous two-color field is used. The polarization angle between the control pulse and the driving 

pulse is 0.0π. 

Figure 4 shows the calculated harmonic spectra driven by the two-color fields having cross 

linear polarization in a homogeneous field. Here we varied the polarization angle. One can clearly 

see that for the linearly polarized two-color field case (θ = 0.0 π), the harmonic cutoff is at 104th 

order. However, the modulation structure on the harmonic spectrum is too large to support an 

isolated attosecond pulse. Besides, there is presence of multi-plateau. On increasing the polarized 

angle θ to 0.2π, 0.3π, 0.4π and 0.5π we see that the harmonic cutoff decreases to 100th, 90th, 84th 

and 71th, respectively. Moreover, the harmonic yields also decrease which is unbeneficial to the 

attosecond pulse generation. Besides, the harmonic plateaus become smooth and multi-plateau are 

eliminated. Such plateau traits favor the generation of attosecond pulses. 
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The smoothing of harmonic plateaus and the elimination of multi-plateau structures when 

increasing the polarization angle difference can be attributed to the interference effects and the 

dynamics of electron trajectories in HHG. On increasing the polarization angle difference, the 

electron trajectories that contribute to the harmonic generation become more varied. This leads to 

a broader distribution of electron paths, which in turn causes the harmonics to interfere with each 

other more destructively. As a result, the sharp features of the multi-plateau structure are smoothed 

out, and the overall harmonic spectrum becomes more continuous. Moreover, the increased 

polarization angle difference can reduce the coherence of the electron trajectories, further 

contributing to the smoothing of the harmonic plateaus and the elimination of distinct multi-plateau 

structures [45, 46]. 

 

Figure 4: HHG spectra of the two-color polarized pulses with θ = 0.1π (solid black line), 0.2π (solid green line), 0.3π 

(solid red line), 0.4π (solid blue line) and 0.5π (solid pink line). 

To better understand the effect of the polarization angle in the two-color field, we present the 

electric field in Figs. 5. A-B-C and A'-B'-C' represent the laser field processes. In Fig. 5 (a), it is 

clear that the A'-B'-C' process in a linearly polarized two-color field (θ = 0.1 π) is enhanced in 

comparison with the A-B-C process in the one-color field. This can be attributed to intensity 

enhancement in the two-color field, making the electrons gain extra kinetic energy and spend more 

time in the acceleration and re-collision processes. This, in turn, leads to the extension of the cutoff 

position. When the polarization angle is θ = 0.3 π, the processes A'-B'-C' and A-B-C in x and y 

components, respectively, the synthesized laser field becomes weaker [Fig. 5 (b)] than in a linearly 

two-color field [see Fig. 5 (a)]. This leads to suppression of the maximum harmonic emission in x 

and y components. On further increasing the polarization angle to θ = 0.5 π processes A'-B'-C' and 

A-B-C in x and y components, respectively, are further suppressed [Fig. 5 (c)]. 

When the polarization angle between the two pulses increases, the overlap of their electric 

fields along the x-axis decreases. This results in a lower effective intensity of the combined field 
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Figure 5: (a) The electric field of the single-color pulse 10fs/800nm (blue solid line) and the two-color pulse 

10fs/800nm and 10fs/2000nm (green solid line) with θ = 0.0π. (b) The electric field of two-color pulse 

with θ = 0.3π in x (green solid line) and y (blue solid line) components. (c) The electric field of two-color 

pulse with θ = 0.5π in x (green solid line) and y (blue solid line) components. 

in that direction. Since the cut-off frequency in HHG is directly related to the intensity of the 

driving laser field, a decrease in the effective intensity leads to a lower cut-off frequency. The y 

component of the control pulse can significantly influence the high-order harmonic generation 

(HHG) process. When the polarization angle between two pulses is adjusted, the y component of 

the control pulse can affect the electron trajectories and the overall dynamics of the HHG process. 
 

 CONCLUSION 
 

The effect of polarization angle on high-order harmonic generation has been theoretically 

demonstrated. The results show that by using a two-color field, the cutoff point increased by 20 

orders higher than in a one-color field. This is further enhanced via the introduction of 

inhomogeneous fields. A broad supercontinuum of approximately 270 orders was achieved at 

0.003 inhomogeneity parameter. However, the introduction of polarization angle between the two 

fields-controlled electron dynamics as they recombined with the parent ion. This led to a decrease 

of the supercontinuum as the angle increased from 0.0π to 0.5π. In addition, the harmonic yield 

decreased, thus limiting the application of attosecond pulses. Although the study is theoretical, the 

findings align with trends observed in experimental HHG using tailored two-color fields and near-
field enhancement from nanostructures. The predicted supercontinuum generation and polarization 

sensitivity can, in principle, be tested in laboratory settings using plasmonic antennas, waveguides, 

or gas-phase HHG experiments with polarization-tunable drivers. This demonstrates both the 

practical feasibility of the approach and its potential for guiding the development of optimized 

HHG sources for ultrafast spectroscopy. 
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