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ABSTRACT 

The speed of light is taken to be a constant in a vacuum. This forms the essential tool for the 

principle of General Covariance, which asserts that all laws of Physics should take the same form 

in all frames of reference. Without considering inflation, the theory of the varying speed of light 

(VSL) would solve fundamental problems of cosmology in the early universe. Furthermore, the 

gravitational constant G that occurred in the Friedmann Equations may not have been a fundamental 

constant in the early universe but may have some variation with the universe scale factor. 

Cosmological models with varying physical constants have been of interest in recent years, with 

few works in the literature. A cosmological solution obtained by incorporating variable speed of 

light and gravitational constant gives a cosmic model free from the initial Big Bang singularity and 

horizon problem. It is also observed here that the early universe was dominated by radiation; 

however, as the scale factor increases, the dark energy becomes dominant. 

Keywords: VSL; energy density; dark energy; dark matter; Hubble parameter 

Cite this as: Joseph, G. W., Kenda, L. P., Kanu, M.O., & Abdullahi, M. U. 2024. Cosmological 

Consequence of Varying Speed of Light and Gravitational Constant. IJAP: Indonesian Journal of 

Applied Physics, 14(1), 120-126. doi: https://doi.org/10.13057/ijap.v14i1.74838 

INTRODUCTION 

The principle of general covariance, which asserts that the laws of Physics take the same form 
in all reference frames, derives its base from the constancy of the speed of light in a vacuum [1]. 
However, astronomical studies in recent times from quasars linked the fine structure constant to 
depend on redshift. This suggests a variation of the redshift cosmic time [2]. Observation from 
cosmic microwave background (CMB) and supernova type-Ia suggests that the universe's 
expansion is accelerating [3]. 

An outstanding challenge confronting the history of cosmology is the implications of the 

supernovae data, which revealed that cosmic expansion is now accelerating [4–6]. Afterward, to 

deepen the understanding of the origin of the comic acceleration, simpler models of 

cosmological expansion became insufficient, and efforts were being made to connect theory 

with observation to give us what transpired before, during, and after the Big Bang. Observational 

data from the measurement of CMB radiation revealed that 4.9% of the universe's constituents 

come from ordinary matter, while dark energy and dark matter constitute 68.3% and 26.8%, 

respectively [7]. The simplest and most well-known explanation is the cosmological constant (a 

minimal and constant amount of energy with enough negative pressure which acts as a repulsive 
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force and causes accelerated expansion). Although this appears to explain the cosmic 

acceleration, it suffers from the problem of reconciliation of the observed and theoretical energy 

density; this is called the cosmological constant problem [8]. This has created room for dynamic 

dark energy models, possible variations of the cosmological constant, and other physical 

constants of nature [9-10]. Ref [11] derived the generalized Einstein-Schrodinger theory, 

gravitational field equations incorporated into a general perfect fluid. The spacetime was 

considered immersed in a larger eight-dimensional space, and this construction leads to a 

geometrical origin of the velocity vectors due to the immersion. This theory aimed to give a 

geometric origin of matter in the universe through the obtained perfect fluid. Applying the above 

theory to cosmology has been made as an attempt to give a geometrical origin to the 

cosmological constant. A time-dependent cosmological constant is derived in that model where 

its energy density decays via the scale factor.  

The so-called standard model of cosmology (SCM) [12] suffers from many problems, such as the 

singularity problem, the inflation problem, the horizon problems, and the flatness problems [13]. 

Further, the standard model asserts that the universe is decelerating. This is contrary to the recent 

astronomical data from modern telescopes showing that the universe is in a state of accelerating 

expansion. Recent studies revealed that dark energy is responsible for this accelerating 

expansion of our universe. One such study is the varying speed of light theory. To fully 

understand the nature and forms of dark energy, there is a need to develop other models of dark 

energy to add to the existing literature. 

METHODS 

Varying speed of light (VSL) cosmology [14] has recently received considerable attention as an 

alternative to cosmological inflation to provide a different basis for resolving the problems of 

the standard model. Barrow [15] shows that the conception of VSL can lead to the resolution of 

horizon, flatness, and monopole problems if the speed of light falls at an appropriate rate. Instead 

of adopting the inflationary idea that the very early universe experienced a period of 

superluminal expansion, in these universes, one assumes that light traveled faster in the early 

universe. In such cosmological models, the known puzzles of the standard early universe 

cosmology are absent at the cost of breaking the general covariance of the underlined gravity 

theory. We do not enter into a discussion here on the foundations of VSL theories and the 

conceptual problems arising from the very meaning of varying the speed of light. 

The Newtonian gravitational constant G occurs in the source term of Einstein's field equation 

of the general theory of relativity, which is a fundamental equation for developing every model 

of cosmology. In Einstein's field equation, G acts as a coupling constant between the geometry 

of spacetime and matter. In quantum mechanics, G is essential in defining the Planck constant 
[16]. Meanwhile, in SCM, G is an invariant quantity. It has been noted that there is significant 

evidence that the gravitational constant G can vary in time [17]. The Einstein field equation is 

still preserved when either G or the cosmological constant Λ is varied with time. It has been 

shown that the variable Newtonian gravitation constant can account for dark energy and most 

of its effects, and current dynamical dark energy models using time-dependent cosmological 

constant terms are being considered [18]. 

In this research, we apply the ansantz of varying speed of light and gravitational constant to the 

Friedmann equations obtained in [19] to study the cosmic evolution of energy density in the 

early universe and other cosmic parameters. The study shows that the universe's energy density 

is the combination of matter-energy density and dark energy density. The study also revealed 

that in the very early universe. 
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RESULT AND DISCUSSION 

Cosmology with VSL and Variable G 

In varying speed of light (VSL) theories, the action is [15]: 

𝑠 = ∫ 𝑑𝑥4√−𝑔 (
𝑅+𝜆

16𝜋𝐺
+ 𝐿𝑚                  (1) 

Varying the action concerning the metric and ignoring surface terms leads to [15]: 

𝑅𝜇𝑣 − 𝑔𝜇𝑣𝛬 = (
8𝜋𝐺

𝑐4 ) 𝑇𝜇𝑣                   (2) 

In a cosmological context, let dark energy scenario allow for a varying Newton's constant G 

and speed of light c, the Friedmann metric can be written as [15-20]: 

𝑑𝑠2 = −𝑐2𝑑𝑡2 + 𝑎2(𝑡) [
𝑑𝑟2

1−𝑘𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜑2]              (3) 

Where 𝑎(𝑡) is the scale factor, t is the comoving time, and K=0,1,-1 represents a flat, closed, 

and open FRW universe, respectively. The Friedmann equations are: 

𝐻2 =  (
�̇�

𝑎
)

2

=  
8𝜋𝐺(𝑡)

3
(𝜌𝐷 + 𝜌𝑚) −

𝐾𝑐(𝑡)2

𝑎2                 (4) 

�̈�

𝑎
=  −

4𝜋𝐺(𝑡)

3
 {(𝜌𝐷 + 𝜌𝑚) + 3

𝑃

𝑐(𝑡)2
}                 (5) 

Where 𝜌𝑒𝑓𝑓 = 𝜌𝐷 + 𝜌𝑚 is the effective energy density. Note that H is the Hubble parameter, 

and the dot is the differentiation concerning time. Moreover, 𝜌𝑚 =
𝑚0

𝑎3   (index 0 marks the 

present value of a quantity) and 𝜌𝐷 denote the energy densities of matter and dark energy (DE), 

respectively. The equation of state parameter is given by denoted by 𝜔 =
𝑃𝐷

𝜌𝐷
. Now, assuming 

the speed of light 𝑐 and G are in the power-law form of scale factor, ref  [15] ansatz is given by: 

𝑑𝐺 =  𝐺0𝑎(𝑡)𝑚                    (6) 

𝑐 = 𝑐0𝑎(𝑡)𝑛                    (7) 

Where 𝑐0 and 𝐺0 are both positive constants. Since we know that the speed of light decreases 

with time and G increases with time, n must be negative, and m must be positive. The 

conservation equation is given by [21]: 

�̇�𝑒𝑓𝑓 + 3
�̇�

𝑎
(𝜌𝑒𝑓𝑓 + 

𝑃

𝑐2) = −𝜌𝑒𝑓𝑓
�̇�

𝐺
+ 3

𝐾𝑐𝑐̇

4𝜋𝐺𝑎2                (8) 

For the case of flat FRW (K=0), the above conservation equation can be written as forms: 

�̇�𝑚 + 3
�̇�

𝑎
𝜌𝑚 + 𝜌𝑚

�̇�

𝐺
= 0                   (9) 

�̇�𝐷 + 3
�̇�

𝑎
(𝜌𝐷 + 

𝑃𝐷

𝑐2 ) + 𝜌𝐷
�̇�

𝐺
= 0                            (10) 

Using the equation of state parameter 𝑃𝐷 = 𝜔𝜌𝐷, the conservation equation (10) becomes: 

𝜎(𝑥) =
1

1+𝑒−𝑥                             (11) 
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Evolution of Energy Density of The Universe 

With varying gravitational constant, the matter-energy density of the universe obtained from 

equation (9) is: 

𝜌𝑚  =
𝜌𝑚0

𝑎3+𝑚                             (12) 

Where 𝑚0 is a constant and denotes the present matter content of the universe. For 𝑚 = 0, 
described radiation-dominated universe and 𝑚 = 1 marks matter-dominated universe 

respectively with energy densities given by: 

𝜌𝑟  =
𝜌𝑚0

𝑎3                              (13) 

𝜌𝑚 =
𝜌𝑚0

𝑎4                              (14) 

Putting equations (6) and (7) into (9), the dark energy density is gotten to be: 

𝜌𝐷 = ⅇ
3𝜔𝑎−2𝑛

2𝑛𝑐0
2

𝑎−3−𝑚𝜌𝑚0                           (15) 

Or very large scale factor 𝑎(𝑡) 𝜌𝐷 = ⅇ
3𝜔𝑎−2𝑛

2𝑛𝑐0
2

→ 1 and 𝜌𝐷~𝜌𝑚. Therefore, effective energy 

density 𝜌𝑒𝑓𝑓 = 𝜌𝐷 + 𝜌𝑚 becomes: 

𝜌𝑒𝑓𝑓 = (1 + ⅇ
3𝜔𝑎−2𝑛

2𝑛𝑐0
2

)
𝜌𝑚0

𝑎3+𝑚                           (16) 

The exponential term denotes the dark energy density responsible for the present accelerating 

universe expansion. 

 

Figure 1. Evolution of Energy Density of the Universe 

The variation of the energy density concerning scale factor a is shown in Figure 1. From the 

plot, it is clear that the universe's density decreases with the expansion of the universe. With 

dark energy, the expansion rate is slightly high and higher with effective energy density, and at 

large times, the expansion rate starts increasing again. Substituting equation (12) into the first 

Friedmann’s equation (4), we obtained the scale factor of the universe given by: 

𝑎[𝑡] =
(3𝑡0+2√6𝜋𝐺0𝑚0𝑡)2 3⁄

22 3⁄                            (17)
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Where 𝑡0 is the time of the Big Bang. The evolution of the scale factor for radiation and the 

matter-dominated universe is shown in Figure 2 below, which gives the de Sitter universe. 

 

Figure 2. Variation of Scale Factor 

The Hubble Parameter 

The Hubble parameter from equation (17) is obtained as: 

𝐻 =
4√

2

3
√𝐺0𝜋𝑚0

3𝑡0+2√6𝑡√𝐺0𝜋𝑚0
                                       (18) 

Figure 3 shows that the Hubble parameter diverges at the beginning and end of the universe. 

Such a universe starts with a positive deceleration parameter indicating deceleration expansion 

and transits to a negative deceleration parameter indicating accelerating expansion phase. 

 

Figure 3. The evolution of the Hubble Parameter 
 

The Deceleration Parameter 

The deceleration parameter is a measure of the rate at which the expansion of the universe is 

changing. It provides information about the acceleration or deceleration of the universe's 

expansion over time. The deceleration parameter in terms of the Hubble parameter is given as:
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𝑞 = −1 −
�̇�

𝐻2 = −
1

2
                            (19) 

 
Since the deceleration parameter is negative (q < 0), it indicates that the universe's expansion 

is accelerating. This situation has been observed in recent cosmological observations and is 

attributed to the influence of dark energy. 

CONCLUSION 

One can approach it numerically when it is difficult to obtain the analytical solution to the 

Friedmann equation. How each matter component affects the universe's evolution is described 

on its dependencies on the value of t for each density parameter. The 
1

𝑎4 term describes that the 

radiation density affects the evolution at small values of t (𝑚 = 1), or the early universe. At 

this point, the radiation causes rapid expansion. The influence of matter with 
1

𝑎3  (𝑚 = 0) 

dependency increase starts surfacing with the decreasing effect of radiation on the universe. 

The dark energy term, ⅇ
3𝜔𝑎−2𝑛

2𝑛𝑐0
2

𝑎−3−𝑚, became dominant at a larger value of t, causing the 

accelerating expansion of the universe. At the current time, both the matter density and dark 

energy densities [(1 + ⅇ
3𝜔𝑎−2𝑛

2𝑛𝑐0
2

)
𝜌𝑚0

𝑎3+𝑚] are playing the largest role in the evolution and 

acceleration of the universe, and they also have much more of a role in the age of the universe. 

The process of how the universe will quickly contract back into a singularity results from the 

large expansion caused by these two components. It is shown that in the early universe, 
radiation dominated. However, as the scale factor increases, dark energy becomes dominant. 

This is in line with the work of ref [11]. 
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