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ABSTRACT

Proton-neutron interaction that makes up deuteron is a mixture state of 3S; dan 3D, which are each associated
with a state L =0, S =1 and L = 2, S = 1. In the proton-neutron interaction, there are particle exchanges of
medium range (1 fm <r < 2 fm) i.e. scalar meson exchange and the long range (r > 2 fm) i.e. one pion
exchange. The electromagnetic properties of non-relativistic deuteron in the ground state can be found from the
coupled differential equation, such as magnetic dipole moment, (up) = 0.856521u, and electrical quadrupole
moment, (Qp) = 0.00291396 b.
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INTRODUCTION

Deuteron has one bound state resulted from the proton-neutron interaction passing through
a particle exchange mechanism that was first introduced by Yukawa, 1935. Yukawa
proposed that there are particles with mass parameter between the electron and nucleon
mass which is responsible for the nuclear force. This particle is known as pion. Pion may
be charged (z*,7~) or neutral (7°), the three form a triplet of isospin, T = 1. Pion is
member of a group of strongly interacting elementary particles (hadrons) which has
medium mass, and are collectively called mesons; pion stands r-meson*1,

According to Yukawa theory, every nucleon continuously emits and absorbs a pion;
accompanying momentum transfer is equivalent to the action of force. Nuclear forces are
repulsive at very short range as well as being attractive at far enough distance between
nucleons, if this does not happen, the nucleon inside the nuclear will be bound together.
This is the nuclear binding force. Potential for emission and absorption processes is one
pion exchange potential, Vopep!?.

Research by Friar, Gibson and Payne (FGP) obtained pionic effect of non-relativistic
deuteron wave function using the OPE potential®™®l. In their calculations, a pion-nucleon
form factor replaces the high energy physics. The only influence of chiral symmetry in the
FGP model is to require that the pion-nucleon coupling be in the to. V formll.

In this paper, we develop what has been done by FGP, that is to determine the
electromagnetic properties of non-relativistic deuteron in the bound state, namely the
magnetic dipole moment and electric quadruple moment and distance interactions of
protons and neutrons so that the resulting type of particles are exchanged.

Deuteron has unique property of having an abnormally low binding energy per nucleon,
with no excited bound states®l. In quantum mechanics, the two-particle potential ¥ is
displayed as a matrix element between states of the two particle system presented by ket
#1510, t1; 72,52, t,) with s; =42 and ¢; = +1, each of which is spin and isospin
observable of i-th particle. The matrix elements take the form of:
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(‘;—},1,5,1, Tll; ‘;—},2,5,2, T'2|V|1_A”)1, 51, Tl' ?2,52, T2> (l)

where ket state of two particles, |1‘7’1,Sl, Ti; 1‘7’2,52, Tz) is the product of the wave function of
spatial coordinates (|7;), [;)), ket spin (ISy), 1S,)) and isospin ket (|T;), |T;)) [8].

The wave function of the deuteron, ¥ can be separated as the product of three parts of the
wave function, which are intrinsic wave function of the proton, intrinsic wave functions of
the neutron and the orbital wave function that describes the relative motion between the
proton and the neutron. Since a proton and a neutron are just two different state of the
nucleons, their intrinsic wave functions have the same parity, consequently, the product of
their intrinsic wave functions has a positive parity that is not dependent on a single nucleon
parity. Thus, parity of deuteron wave function is determined by relative motion between
two nucleons.

Using symmetry considerations, the deuteron ground state has spin S = 1 and isospin T =
0. There remain, however, two possibilities, L = 0 and L = 2, for the spatial part of the
wave function. In spectroscopic notation, the L = 0, S = 1 state is represented as >S;
(triplet-S state) and the L =2, S=1 as 3D, (triplet-D state). There is, however, no
fundamental reason to expect that this has to be true. In fact, we shall soon see that there is
clear evidence that both the 3S,- and the 3D,-components must be present in deuteron.
This, in turn, leads to the conclusion that the nuclear force mixes different L-components in
an eigenstatel>%10.111,

By using common properties of symmetry or invariance of two nucleons, it can be shown
that every eigenfunction has the spin-orbit and isospin parts, which can be described as the
sum or a linear combination of the functions |LS/M,TM;), where the sum is over L,
consistent with the values of J and parity of the eigenfunction. These functions are
completely known: the isospin part labelled by TM; is the function p,\T,,T(rl,rz), and the
spin-angle functions labelled LSIJM are obtained by coupling the spherical harmonic
Y, (6, @) with the spin function x° (o4, 05).

For S = 0 (spin-singlet), L =] is the only possible value of L, whereas for S = 1 (spin-
triplet), L can have theree possible values: J and J + L. The last two have parity opposite to
that of L = /. Thus, the eigenfunction for S =1 and parity m = —(—1)’ is the only
complicated coupled wave function, it has the stucture

SIL=]-15S=1]JM,TMy)+=L=]+1,5 = 1,]JM,TMy); (2)

but the eigenfunction for L = J (S = 0 atau S = 1) and parity = = (—1)* is uncoupled and
has the simple expression

2L =J,5/M,TM;) (3)

The radial functions u and w are the only unknown parts of the two-nucleons wave
function. Hence, the main purpose is to convert the Schrédinger equation into pure radial
differential equations for u and w. Obviously, (eg. 3) will yield an uncoupled equation for
u, whereas (eq. 2) will give rise to coupled equation for u and w. In order to eliminate the
standard spin-angle and isospin parts of the wave functions from the Schrddinger equation,
multiply the equation from the left by complex conjugate of these wave functions, integrate
over the angles, and sum over the spin and isospin. This procedure gives rise to the matrix
elements (L'SJM,TM,|V|LS]M,TM;) in the potential term of the Schrédinger equation.
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Thus, the values of these matrix elements of the potential V can explicitly express the
radial Schrodinger equation™!],

The reduced mass of the two-nucleons system is M*, where

1 1 1.
w = my to My and m,, are
proton and neutron mass, respectively. The Schrodinger equation in the centre-of-mass
coordinate system is therefore given by

(v +v)w=Ey (4)

where the potential IV and the wavefunction ¥ are functions of r, 6, ¢, g,, 05, T; and t,, and

E is energy in the centre-of-mass system. E is negative ans equal to - € (e is the binding
energy of deuteron) when considered the bound-state problem.

By defining
v ==—-%;L’ )
K2 ="CE \ (5)
v = 1:2 € J

such that k2 is positive for the scattering state and negative for the bound state, 2 is
positive and k = iy. Eigenfunctions W are labelled by the quantum number SJM,TM, 11,

To get the coupled radial equation in the Schrédinger equation

1[(d* I? 2
rl\@az"72) 7V
Xx@W|L=]—-1,S=1,JM,TM;)+w|L=]+1,S=1,JM,TM;)) =0 (6)

where L? operate in angular momentum eigenfunction, to get the precise value L(L + 1).
Multiply this equation from left, first by (L=]—1,5=1,JM,TM;| and second by
(L=J+1,5S=1,JM,TM;| and use the orthonormalization of this equation to get the
simpler form gives two coupled radial equations

dar?

J—1,5=1JMTM|v|] +1,S = 1,JM, TM;)w = 0

2
[ - 82 k2 |u— (- 1,5 = 1,/M, Mol — 1,S = 1,]M, TMp)u -

(79)
2
&~ G002y j2ly — () + 1,5 = 1,JM, TMrlol) + 1,5 = 1,JM, TMrw —
J+1,5S=1,JM,TMy[v|] — 1,5 = 1,JM, TM;)u = 0
(7b)

Matrix elements v are the same for non-diagonal of L since ¥ is hermitian. Radial function
from non-diagonal matrix elements v are stated as H (r). The same function from non-
diagonal matrix elements v of L =J — 1 and L = J + 1 state are stated as F(r) and G(r).
Coupled radial equation can be written as
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a*u  JjU-1)

dar? T2

ut+k*u+Fu+Gr)w=0 (8a)

and

d’w  (J+1)(J+2)
@z

w+kw+Grw+H@)u=0 (8b)

A solution of (Vl:/) from equation (4) can be multiplied by an arbitrary number, and (:fv) is

the solution for homogeneous equation. The potential, u and w are obtained at r = r,
toward r — oo [12].

The ground state of deuteron is a unique problem, that is its coupling, equation (8), with
k? = —y? (bound state) and J = 1. Wave function u and w each represents the radial
function of 3S; dan 3D, state. The centrifugal form, J(J — 1) becomes zero in equation
(8a). For r — oo, the asymptotic form u/r and w/r with L = 0 and L = 2, gives

w(r) = prhP (iur) = prljo(iur) + ing(iur)] = e #7; for r - o (9a)

w(r) = ,urh(l)(lur) =e (1 + -+ ] forr - oo (9b)

(ur)?

The coupled equation from equation (8) can be written in a simpler form,

d>u _ — v

—Z=eut fw (10a)
d’w _ — -

=z =gwt hu (10b)

where &, f, g and h as function of r, & = []U D_ g2 T(r)] f=-G@), g=

mlﬁ# — k% — g(r)], and h = —#(r), with normalization condition(®":12,
Jy () + wi()ldr =1 (11)
METHOD

Both of the coupled differential equations (eg. 10) can not be solved analytically, and can
only be solved through numerical computation, i.e. boundary value problem method. These
equations can be written in the form of eigenfunction equation,

(e ) o) =2(a))

_C MZ (DZ - CDZ

where &, and @, are set values of u(r) and w(r), respectively, and A is eigenvalue of
energy E.

For the state |LS; JM), expectation value of magnetic dipole moment of deuteron has to be
evaluated for M = J,

(LSJM = J|p,|LS]M = ])
= ﬁ [(p + i + DT+ D+ (pp + 0 —D)(SS+D - LL+D)] (12)

For deuteron 3S;-state, L = 0, and the expectation value of the magnetic dipole operator
reduces to a sum of intrinsic dipole moments of a proton and a neutron,

up( °Sy) = pp + pn = 0.879805 py (13)
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where u, and p, are the dipole moments of the proton and neutron, respectively.

The electrical quadrupole moment of a nuclear state is defined as expectation value of Q,
in the substate of maximum M,

Qa=UM =]|QolUM =]) (14)
in the same way as the definition of magnetic dipole moment.

From the point of view of angular momentum, any nuclear state with / < 1 cannot have a
quadrupole moment different from zero. The expectation value (/M |Q,|/M) vanishes if the
three angular momenta involved, J, 2, J, cannot be coupled together to form closed
triangle. At the time, since Q, operates only in the coordinates space, it is independent of
the total intrinsic spin S. This means that the orbital angular momentum L of the state must
also be greater or equal to 1. For this reason, the expectation value of Q, vanishes in the
35, -state; the existence of a nonvanishing quadrupole moment is therefore a direct
evidence of the presence of *D,-component in the deuteron ground state[®1],

The connection between the spatial part of the wave function and the quadrupole moment,
assuming for the time being that the deuteron is in a state of definite orbital angular
momentum L. Such a wave function |LS; JM) can be represented by the product of spatial
part |[LM;) and intrinsic spin part |SM), coupled together to total angular momentum

U, M),
|LS; JM) = ZMLMS(LMLSMS|]M)|LML)|5MS) (15)

where (LM, SMs|JM)|LM,)|SMs) is the Clebsch-Gordan coefficient. The expectation value
of electric quadrupole moment

(Qp(L)) = (LS; IM|Qo|LS; JM)
= Xmpms L) m{LMLSMs|JMYLM' .SM's|JM)LM, SM|Qo|LM',.SM's) (16)

For more realistic model, a linear combination of 3S;- and 3D,-components have been
done earlier in Eq. (15) for the magnetic dipole moment. The deuteron electric quadrupole
moment now has the form

(Qp) = a?(*S;M = 1|Qo| *S;M = 1)
+b%(*D;M = 1|Qo| *D1M = 1) + 2ab(*S$;M = 1|Q,| *D1M = 1) (17)

The first term vanishes, since L = 0, the main contribution is likely to come from the last
term, since 3D,-component is only a few percent of the total and |a| > |b| as a result. This
term involves an off-diagonal matrix element and depends on the radial integral [2],

(.M =1|Qq| °D:M = 1) o [ 7 R3(r)Rp(r)r2dr (18)
RESULTS AND DISCUSSION

The calculated wave functions of u(r) and w(r) are plotted in Figure 1. The calculated
binding energy E is = — 2.2427356 MeV*6l,
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Figure 1. The non-relativistic deuteron wave function in the ground state
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Figure 2. Proton and Neutron Interaction Potential

From computation, it is known that there is a repulsive force starting from 7. = 0,4 fm,
meaning that 0 < r < r, region is an infinite height potential wall, thus the probability to
find particles (deuteron) in this interval is zero (see figure 1 and 2)*2.

For far enough distance, r — oo, there is an attractive force so that both particles move
closer. The main part of the attractive force is located around radius of 1 ~ 2 fm, where the
scalar meson (m, p, w,a) exchange takes place, and r > 2 fm for the pion exchange (see
figure 2).

The final result of Eq. (8) is almost the same as the experimental value of 0.856521uy.
The small difference,

pp — pp( 3S1) = 0.856521 — 0.879805 = —0.023284py (17)

is, however, worth more careful consideration. Small differences in this expectation value
caused by contribution from charged (virtual) mesons exchange between the proton and the
neutron, and this has not been included in Eq. (12) and there is a small admixture of the

3D, -state in the deuteron ground statel*10-11],

It is a great interest to know the amount of D-state admixture in the deuteron wave
function. This can be quantified by the D-state probability[*3-141:
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P = [ w2(r)dr = 0.0406 = 4.06% (18)

For a linear combination of 3S;- and 3D,-components, the deuteron wave function can be
written as

|up) = a| °S1) + b| °Dy) (19)
with the normalization conditiont241011.13]
a? +bh? =1 (20)

The first term vanishes, since L = 0. The main contribution is likely to come from the last
term, as the 3D,-component is only a few percent of the total and |a| > |b| as a result
[410.11.13] "Sq that the contribution of quadrupole moment of deuteron can be written as

Qp = %fooorzw(r) (Zﬁu(r) — W(r)) dr (21)

The above equation explicitly shows that the quadrupole moment does not vanish and
require mixing with a state-D, the components w(r), and assuming the charge centered on
nucleons. D-state contribution to the deuteron quadrupole moment (Qp =
0.002913967b), in the shape of flat spheroid (oblate)*212],

CONCLUSION

The deuteron ground state has S = 1 and T = 0. There remains, however, two possibilities,
L =0 and L = 2, for the spatial part of the wave function. In spectroscopic notation, the
L =0, S =1 state is represented as >S; (triplet-S state) and the L =2, S=1 as D,
(triplet-D state). There is a small admixture of the D, -state (~4%) in the ground state of
the deuteron. The electromagnetic properties of non-relativistic deuteron wave function in
the ground state can be derived from the mixture state, giving dipole magnetic moment,
(up) = 0.856521u, and quadrupole electric moment, (Qp) = 0.002913967 b. From the
calculation, in short distance (r. = 0,4 fm) there is an infinite potential wall, thus there is
no deuteron exist in the interval of (0 < r < 1) fm. In medium distance (1 <r < 2) fm,
there is a scalar meson (r, p, w, o) exchange, and in long distance (r > 2 fm) there is a
single pion exchange.
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